THE NONLINEAR SCHRODINGER EQUATION WITH 
COMBINED POWER-TYPE NONLINEARITIES 

TERENCE TAG, MONICA VISAN, AND XIAOYI ZHANG 

Abstract. We undertake a comprehensive study of the nonlinear Schrodinger 
equation 

iut + Au = Ai M + A2 
where u{t,x) is a complex- valued function in spacetime R( X M", Ai and A2 
are nonzero real constants, and < pi < P2 < . We address questions 
related to local and global well-posedness, finite time blowup, and asymptotic 
behaviour. Scattering is considered both in the energy space H^(M") and in 
the pseudoconformal space E := {/ G J?l(R"); xf G L^{R")}. Gf particular 
interest is the case when both nonlinearities are defocusing and correspond to 
the L^-critical, respectively £f^-critical NLS, that is, Ai, A2 > and pi = ^, 
P2 = „'!_2 ■ The results at the endpoint Pi = are conditional on a con- 
jectured global existence and spacetime estimate for the L^-critical nonlinear 
Schrodinger equation. 

As an off-shoot of our analysis, we also obtain a new, simpler proof of 
scattering in H]^ for solutions to the nonlinear Schrodinger equation 

iut + Am = 

with ^ < P < ^ ' which was first obtained by J. Ginibre and G. Velo, (9| . 
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1. Introduction 

We study the initial value problem for the nonlinear Schrodinger equation with 
two power- type nonlinearities, 



(1.1) 



iut + Au^ Xi\u\P^u + X2\u\P^u 
u{0,x) = uq{x), 



where u{t,x) is a complex-valued function in spacetime Rf x M", n > 3, the initial 

data uq belongs to -ff^ (or E), Ai, A2 are nonzero real constants, and < pi < p2 < 
4 

n-2 • 

This equation has Hamiltonian 



(1.2) E{u{t)):^j i|Vz.(t,a:)p + ^Kt,a:)r+2 + ^Kf,x)r+2 



dx. 



As (|1.2|) is preserved^ by the flow corresponding to (|1.1() . we shall refer to it as the 
energy and often write E{u) for E{u{t)). 

A second conserved quantity we will rely on is the mass M{u{t)) := 1 1 w (^ ) 1 1 (R" ) • 
As the mass is conserved, we will often write M{u) for M{u{t)). 

In this paper, we will systematically study the initial value problem Hl.l|l . We 
are interested in local and global well-posedness, asymptotic behaviour (scatter- 
ing), and finite time blowup. More precisely, we will prove that under certain 
assumptions on the parameters Ai,A2,pi,P2, we have the phenomena mentioned 
above. 

One of the motivations for considering this problem is the failure of the equation 
to be scale invariant. For p > 0, there is a natural scaling associated to the nonlinear 
Schrodinger equation 

(1.3) iut + Au= \u\Pu, 

which leaves the equation invariant. More precisely, the map 

(1.4) u{t,x)^ X-pu(^^,j^ 

maps a solution to H1.3|l to another solution to l|1.3() . In the case when p = ^, the 
scaling (|1.4|l also leaves the mass invariant, which is why the nonlinearity is 
called I/^-critical. When p — -^^z^i ^^'^ scaling (|1.4() leaves the energy invariant and 
hence, the nonlinearity |u| "-2 y is called or energy-critical. As our combined 
nonlinearity obeys p\ < P2, there is no scaling that leaves invariant. On the 
other hand, one can use scaling and homogeneity to normalize both Ai and A2 to 
have magnitude one without difficulty. 

The classical techniques used to prove local and global well-posedness in 
for H1.3|l (i.e., Picard's fixed point theorem combined with a standard iterative 
argument) do not distinguish between the various values of p as long as the nonlin- 
earity \u\Pu is energy-subcritical, that is, < p < —30! fo^" details see, for example, 



To justify the energy conservation rigorously, one can approximate the data uq by smooth 
data, and also approximate the non-linearity by a smooth nonlinearity, to obtain a smooth ap- 
proximate solution, obtain an energy conservation law for that solution, and then take limits, 
using the well-posedness and perturbation theory in Section |21 We omit the standard details. 
Similarly for the mass conservation law and Morawetz type inequalities. 
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|12llK]. However, the proof of global well-posedness for the energy-critical nonlinear 
Schrodinger equation, 



relies heavily on the scale invariance for this equation; see [HI 123 EDI- Hence, adding 
an energy-subcritical perturbation to (|1.5|) . which destroys the scale invariance, 
is of particular interest. This particular problem was first pursued by the third 
author, j^Jj, who considered the case n = 3. The perturbative approach used 
in |31| extends easily to dimensions n = 4, 5, 6. However, in higher dimensions 
(n > 6) new difficulties arise, mainly related to the low power of the energy-critical 
nonlinearity. For instance, the continuous dependence of solutions to 1)1. 5|) upon the 
initial data in energy-critical spaces is no longer Lipschitz. Until recently, it was not 
even known whether one has uniform continuity of the solution upon the initial data 
in energy-critical spaces. This issue was settled by the first two authors, |22|, who 
established a local well-posedness and stability theory which is Holder continuous 
(of order in energy-critical spaces and that applies even for large initial data, 
provided a certain spacetime norm is known to be bounded. Basing our analysis 
on the stability theory developed in specifically Theorem 1.4, we will treat all 
dimensions n > 3 in a unified manner. 

The local theory for 1)1. 1|1 is considered in Section 3. Standard techniques involv- 
ing Picard's fixed point theorem can be used to construct local-in-time solutions to 
(|1.1|) : in the case when an energy-critical nonlinearity is present, that is, p2 = 7732 ' 
the time of existence for these local solutions depends on the profile of the data, 
rather than on its _ff^-norm. After reviewing these classical statements, we will 
develop a stability theory for the L^-critical nonlinear Schrodinger equation and 
record the stability result for the energy-critical NLS obtained by the first two 
authors, fI7\ . 

Our first main result addresses the question of global well-posedness for ()1.1|) in 
the energy space: 

Theorem 1.1 (Global well-posedness). Let uo € H^. Then, there exists a unique 
global solution to (|1.1|) in each of the following cases: 

(1) < pi < p2 < I and Ai, A2 e M; 

(2) 0<pi<p2<-L- and Ai e M, A2 > 0. 

Moreover, for all compact intervals I , the global solution satisfies the following 
spacetime boun(f: 



We prove this theorem in Section 4. The global existence of solutions to (|1.1() 
under the hypotheses of Theorem 1 1.1 1 is obtained as a consequence of three factors: 
the conservation of mass, an a priori estimate on the kinetic energy, and a 'good' 
local well-posedness statement, by which we mean that the time of existence for local 
solutions to Hl.l|l in the two cases described in Theorem ll.ll depends only on the H^- 
norm of the initial data. This 'good' local well-posedness statement coincides with 

^In this paper we use C to denote various large finite constants, which depend on the dimen- 
sion n, the exponents pi,P2, the coefficients Ai,A2, and any other quantities indicated by the 
parentheses (in this case, |7| and ||uo||jji). The exact value of C will vary from line to line. 



(1.5) 




(1.6) 
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the standard local well-posedness statement when < pi < p2 < However, 
when p2 = -£:i2 further analysis is needed as the standard local well-posedness 
statement asserts that the time of existence for local solutions depends instead on 
the profile of the initial data. In order to upgrade the standard statement to the 
'good' statement we will make use of the stability result in |27| . 

In Section 5, we consider the asymptotic behaviour of these global solutions. We 
will be able to obtain unconditional results in the regime ^ < Pi < P2 ^ 7^2' 
natural to also seek the endpoint pi — ^ for these results, but there is a difficulty 
because the defocusing L^-critical NLS, 

^^^^ Uvt + Av ^ \v\iv 

\v{0, x) = va{x) 

is not currently known to have a good scattering theory (except when the mass 
is small). However, we will be able to obtain conditional results in the Pi — ^ 
case assuming that a good theory for H1.7|l exists. More precisely, we will need the 
following 

Assumption 1.2. Let vq £ i?^. Then, there exists a unique global solution v to 
()1.7|) and moreover, 

\\v\\ ^ <C{\\vo\\li)- 

it,." (RxE") 

We can now state our second main result. 

Theorem 1.3 (Energy space scattering). Let Uq G H^, ^ < Pi < P2 < 7732' '^'^'^ 
let u he the unique solution to If pi — ^, then we also assume Assumption 

\LSl Then, there exists unique u± G i?^ such that 

\\u{t) - e'*'^u±\\„i ^ as t ±00 

in each of the following two cases: 

(1) Ai, A2 > 0; 

(2) Ai < 0, A2 > 0, and we have the small mass condition M < c(||Vwo||2) for 
some suitably small quantity c(||Vwo||2) > depending only on ||Vwo||2- 

Remark 1.4. Note that in each of the two cases described in Theorem the 
unique solution to (II. 1() is global by Theorem M.lX 

We prove this theorem in Section 5. The scattering result for case (1) of the 
theorem is obtained in three stages: 

First, we develop an a priori interaction Morawetz estimate; see subsection 5.1. 
This estimate is particularly useful when both nonlinearities are defocusing (that is, 
both Ai and A2 are positive) and, as such, is an expression of dispersion (quantifying 
how mass is interacting with itself). As a consequence of the interaction Morawetz 
inequality, we obtain |V| G L^ ^. Interpolating between this estimate and the 

estimate on the kinetic energy (which is obviously bounded when both nonlinearities 
are defocusing by the conservation of energy), we obtain control over the solution 

in the L^Lx"^^ -norm. 

The second step is to upgrade this bound to a global Strichartz bound using the 
stability results for the L^-critical and the energy-critical NLS; see subsection 5.2 
through 5.5. When both nonlinearities are defocusing and ^ < Pi < P2 — ;;32' 
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we view 1)1. l|l as a perturbation to the energy-critical NLS (|1.5|1 . which is globally 
wellposed (see 01231213) ^^'^ moreover, the global solution satisfies 

M ^ < C(|l«;oll^O- 

■E-t,""^ (RxR") 

Whenever the two nonlinearities are defocusing and — Pi < P2 < 7^35 ' ^® view 
(11.11) as a perturbation to the pure power equation Ijl.TI) (normalizing Ai = 1). 

Of particular interest (and difRculty) is the case when the nonlinearities are 
defocusing and pi = ^, P2 = ■ In this case, the low frequencies of the solution 
are well approximated by the L^-critical problem, while the high frequencies are 
well approximated by the energy-critical problem. The medium frequencies will 
eventualy be controlled by a Morawetz estimate. Thus, in this case, the global 
Strichartz bounds we derive are again conditional upon a satisfactory theory for 
the Li^-critical NLS, that is, we need Assumption ^21 

In the intermediate case ^ < Pi < P2 < -p;TZ2 ? reprove the classical scattering 
(in iJ^) result for solutions to (|1.3|) with ^ < p < due to J. Ginibre and 
G. Velo, [Hj. The proof we present in subsection 5.3 (Ode to Morawetz) is a new 
and simpler one based on the interaction Morawetz estimate. 

The last step required to obtain scattering under the assumptions described 
in Case 1) of Theorem 11.31 is to prove that finite global Strichartz bounds imply 
scattering; see subsection 5.8. 

In order to obtain finite global Strichartz norms that imply scattering in the 
second case described in Theorem 11.31 we make use of the small mass assumption 
(as a substitute for the interaction Morawetz estimate) and of the stability result 
for the energy-critical NLS. See subsections 5.6 and 5.7. 

In the remaining two sections, we present our results on finite time blowup and 
global well-posedness and scattering for p.l|l with initial data uo G S, where S is 
the space of all functions on M" whose norm 

\\f\\Hl + \\xf\\Ll 

is finite (as usual, we identify functions which agree almost everywhere). 

The finite time blowup result is a consequence of an argument of Glassey's, [H|; 
in Section 6 we prove the following 

Theorem 1.5 (Blowup). Let uq G S, A2 < 0, and ^ < P2 < ;732- Ho 
Im Jju„ ruodrUodx denote the weighted mass current and assume i/q > 0. Then 
blowup occurs in each of the following three cases: 

1) \i> 0, Q < pi < P2, and E{uo) < 0; 

2) Xi <0, <pi < P2, and E{uo) < 0; 

5j Ai < 0, < pi < |, and E{uo) + CM{un) < for some suitably large constant 
C (depending as usual on n, pi, p2, Xi, X2). 

I ||2 

More precisely, in any of the above cases there exists < < C y° such that 

\im ||VM(t)||i2 = 00. 

Remark 1.6. When comparing the conditions in Case 1) and Case 3) of Theo- 
rem \1.5l one might be puzzled at first by the fact that we need stronger assumptions 
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to prove blowup in the case of a focusing nonlinearity than in the case of a defocus- 
ing nonlinearity. However, one should notice that the condition 



dx <0 



is easier to satisfy when Ai < and A2 < 0. Specifically, even when the kinetic en- 
ergy of u is small, which, in particular, implies that there is no blowup for ||Vw(t)||2; 
the energy E can still be made negative just by requiring that the mass be sufficiently 
large. Hence, in order to obtain blowup of the kinetic energy in this case, it is nec- 
essary to add a size restriction on the mass of the initial data. 

Remark 1.7. In Theorem \1.5l we do not treat the endpoint P2 — ^- For the 

focusing L^-critical nonlinear Schrodinger equation, it is known that the blowup 
criterion is intimately related to the properties of the unique spherically-symmetric, 
positive ground state of the elliptic equation 

-AQ + X2\Q\^Q = -Q. 

For results on this problem and a more detailed list of references see [171 118 | . 

In Section 7 we prove scattering in E for solutions to with defocusing 

nonlinearities and initial data uq € S. More precisely, we obtain the following 

Theorem 1.8 (Pseudoconformal space scattering). Let uq G E, Ai and A2 be 

positive numbers, and a{n) < pi < P2 < where a(n) is the Strauss exponent 
a{n) := ^~"+v^^^+i2"+4 ^ ^ ^/jg unique global solution to Hl.l|l . Then, there 
exist unique scattering states u± G S such that 

||e~**'^w(i) -Wills as t ±00. 

We summarize our results in Tabled 



A2 


Ai 


Pl,P2 


GWP 


Scattering 


Provided 


A2 > 


Ai e M 


0<Pl<P2<J^ 


/ 
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A2 > 


Ai > 


i<Pl<P2<^ 


/ 


in iJi 




A2 > 


Ai e M 


i<Pl<P2<^ 


/ 


in iJi 


M{uo) < 1 


A2 > 


Ai > 


a{n) <pi <P2<:;^ 


/ 


in S 


Mo e S 


A2 < 


Ai e M 


0<Pl<P2<^ 


/ 


? 




A2 < 


Ai > 


0<Pl<P2,^<P2<^ 


X 


X 


yo > 0, E{uo) < 


A2 < 


Ai < 


^,<P1<P2<^ 


X 


X 


yo > 0, E{uo) < 


A2 < 


Ai < 


0<P1<^,<P2<^ 


X 


X 


yo>0, E{uo) + CM{uo) <0 



Table 1. Summary of Results. In all cases the initial data is 
assumed to lie in H^ . The positive scattering results when Pi — ^ 
are conditional on Assumption II. 2| 
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2. Preliminaries 

Wc will often use the notation X <Y whenever there exists some constant C 
so that X < CY; as before, C can depend on n, pi,p2, Ai, A2. Similarly, we will 
use X r-. Y [{ X <Y < X. We use X < F if X < cF for some small constant c. 
The derivative operator V refers to the space variable only. We will occasionally 
use subscripts to denote spatial derivatives and will use the summation convention 
over repeated indices. 

We use L^(M") to denote the Banach space of functions / : M" ^ C whose norm 



is finite, with the usual modifications when r = 00, and identifying fimctions which 
agree almost everywhere. For any non-negative integer k, we denote by W'''^{M.") 
the Sobolev space defined as the closure of test functions in the norm 

^ II ga 

||/lk'=.'-(R") := Yl la^-^ 

|a|<fe 

We use L^L^. to denote the spacetime norm 



(/(/ \u{t,x)\^dx 



Q/r \ 1/9 
dt] 



ll"llL?LJ(KxR") •- 

with the usual modifications when g or r is infinity, or when the domain M x R" 
is replaced by some smaller spacetime region. When q = r we abbreviate LfL^. by 

We define the Fourier transform on M" to be 

JR" 

We will make use of the fractional differentiation operators |V|* defined by 
These define the homogeneous Sobolev norms 

II/IIa. := Illv^flU- 

Let e**^ be the free Schrodinger propagator. In physical space this is given by 
the formula 

AtA . 



e 



for f 7^ (using a suitable branch cut to define (47rit)"/^), while in frequency space 
one can write this as 

(2.1) ?^(0 = e-4-'^*lilV>). 

In particular, the propagator obeys the dispersive inequality 

(2.2) l|e**^/lk»<N-*||/|Ui 
for all times t^Q. 



We also recall Duhamel's formula 



(2.3) u{t) = e*(*-*«)^«(io) - i f e'^*-'^^{iut + Au){s)ds. 

J to 
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We say that a pair of exponents {q, r) is Schrodinger- admissiWe if | + 7 = f and 

2 < q,r < 00. If / X K" is a spacetime slab, we define the S'~'{I x R") Strichartz 
norm by 

(2-4) lkllso(/xR") := SUp||M|li^Lr(/xR") 

where the sup is taken over aU admissible pairs {q,r). We define the iS'^(/ x R") 
Strichartz norm to be 

II^IUh/xR") ■= ll^^lls'0(/xR")- 

We also use N"{I x M") to denote the dual space of S^>(I x E") and 
N^{I X M") := {u- Vu £ N°{I x M")}. 
By definition and Sobolev embedding, we obtain 
Lemma 2.1. For any function u on I x R", we have 

||Vu||i=o^2 + ||VU|| 2(„ + 2) 2„(„ + 2) + ||VU|| 2(„ + 2) + |lVu|| ^ 

+ ||m|| ^ + ||u|| 2(„+2) + IImII 2„(„+2) < llullpi 

where all spacetime norms are on I x R" . 

Let us also record the following standard Strichartz estimates that we will invoke 
throughout the paper (for a proof see jl4p: 

Lemma 2.2. Let I be a compact time interval, k — 0,1, and let u : I x R" C 

he an solution to the forced Schrddinger equation 

iut + Au — F 

for a function F. Then we have 

(2-5) ll^llsH/xR") < l|w(^o)|lij<=(R,.) + ll^llwH/xR"). 

for any time <o G /. 

We will also need some Littlewood-Paley theory. Specifically, let ip{^) be a 
smooth bump supported in the ball |^| < 2 and equalling one on the ball |^| < 1. 
For each dyadic number iV G 2^ we define the Littlewood-Paley operators 

p^fio Mm) - vm/N)]m- 

Similarly we can define P<7v, P>n, and Pm< <n ■— P<n — P<m, whenever M and 
N are dyadic numbers. We will frequently write f<N for P<Nf and similarly for 
the other operators. We recall some standard Bernstein type inequalities: 



NLS WITH COMBINED POWER- TYPE NONLINEARITIES 



9 



\u\ 


\v(i) ■■= 


M 


2(71 + 2) 








u\\ 


w(i) := 




2(,i + 2) 








\\u 


\\z{i) ■= 




2 









Lemma 2.3. For any I < p < q < oo and s > 0, we have 

\\P>Nf\\L^^<N-^\\\V\^PyNf\\l^. 
\\M'P<Nf\\Ll<N'\\P<Nf\\L^^ 
ll|V|±^PAr/|Up^7V±1|PAr/|U£ 

\\P<Nf\\Ll<Ni-'^\\P<Nf\\L- 
\\PNf\\Ll<N'^-'^\\PNf\\L-- 

For our analysis and the sake of the exposition, it is convenient to introduce a 
number of function spaces. We wiU need the following Strichartz spaces defined on 
a slab / X M" as the closure of the test functions under the appropriate norms: 

(/xR") 
(/xR") 
"-^ (/xR") 

Definition 2.4. Let I x M" be an arbitrary spacetime slab. ForO < Pi < P2 < ;j32 7 
we define the space 

X°{I) :=n,=i,2L7'L?'(/x]R"), 

and 

X\I) {u- Vu e X\I)}, X\I) := x\i) n x\i), 

where 7^ := ^^(^-^2) ' '■~ ^'n+jy^ • ""'^^ /lard to c/iecfc i/iat {li,Pi) is a 

Schrddinger admissible pair and thus S*" C X". 

In the case < pi < P2 = we define the spaces 

x°(i) := L]'LP^{i X R") n l^^lJ-'^'\i x R") n V{I) 

and 

x\i) {u- Vu G := x\i) n 

Define p* := "^^1^^^ and let 7-, p[ be the dual the exponents of 7^, respectively 
Pi introduced in Definition 12. 41 It is easy to verify that the following identities hold: 

(2.6) ^ ' '^'^^ 

(2.7) 
(2.8) 

Using (|2.t)|) through (|2.8|) as well as Holder and Sobolev embedding, we derive 
the first estimates for our nonlinearity. 

Lemma 2.5. Let I be a compact time interval, < pi < p2 < Ai and A2 be 

nonzero real numbers, and k = 0,1. Then, 



1 


^ 1 - 


Pi{n - ; 




4 


1 


f 


+ ^ 


7. 


Pi 


Pi 


1 


1 


1 


Pi 


pi 


n 
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and 

II {M\urn + Muru)-{\,\vrv + Mvrv)\\^o(j^^ 





(/XI 


R") 




lllVl'^z. 

<R") 


2(71 + 2) 
it,." 


(^ + 2)p 




1 2(re + 2) 


o p(>i-2) 
2(71 + 2) 


;R") L, " 


2 

. + 2) 

-2 (/xR- 



When the length of the time interval / is infinite, the estimates in Lemma |2.5I 
are useless. In this case we will use instead the following 

Lemma 2.6. Let I x M" be an arbitrary spacetime slab, ^ < p < ;j32 ' ^^'^ k — 0,1. 
Then 

(2.9) lll^r"ll^.(/xR'^) ^ \Mn^hUii)\\\^Mviiy 

Proof. By the boundedness of the Riesz potentials on any LP,l<p<oo, Holder, 
and interpolation, we estimate 



"(7xR") 

^ ll"'ll (Tl + 2)D III * I "'II ^^'^ ' 

(/xR") 

<\\U\\'~ZJ^ \\U\\%7A.. IIIVI'^UII 2(„ + 2) 

(/xR") 

which proves (|2.9|) . □ 

When deriving global spacetime bounds that imply scattering, we would like 
to involve the Z-norm which corresponds to the control given by the a priori in- 
teraction Morawetz estimate. For fc = 0, 1 and ^ < p < applying Holder's 
inequality we estimate 

lllVl'^dz.Mll ^ 

<|||V|'=^|| ^ ^ Wuf 

< iiivi^-«ii ^ ii"iii^7^rxR.^)ii"ii"^^ 

LjLi* "(/xR") * ' L~lF^(/xR") 

2(n+l) 

In order to use the a priori L"'^^Lx"'~^ control (given to us by the interaction 
Morawetz estimate in the case when both nonlinearities are defocusing), we would 

like to replace the L^LJ' -norm by a norm which belongs to the open triangle deter- 

2(»+l) 

mined by the mass {L^Ll), the potential energy {Lf^Lx^^ ), and the L^^^Lx "^^ - 

/.^ 2n 

norm. This can be achieved by increasing the time exponent in the L^Wx ' "^^ -norm 
by a tiny amount, while maintaining the scaling (by which we mean replacing the 
pair (2, ■^^^2) another Schrodinger-admissible pair). We obtain the following 
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Lemma 2.7. Let k = 0,1 and ^ < p < Then, there exists 6 > large enough 

such that on every slab I x M" we have 



1+1 



\\\v\'{\ufu)\\ ^ ^<iiivi^ii hr'"-^^,„,.>hn°pi.iiuf(^) 

(2.10) < hlU^(,x«")ll"lllS^IKIlL?L.||"f ^, 
where 

a(0):=p(l-f) + 5^ anrf ;3(0) |(p _ li+f±2). 

Proof. First note that the pair (2 + |, „(;^g^^i)"_^4e ) is Schrodinger-admissible. 

Once a{9) and are positive, (|2.1U|) is a direct consequence of Holder's in- 
equality, as the reader can easily check. It is not hard to see that 6 ^ a{d) and 
9 <—>■ P{9) are increasing functions and moreover, 

a(6') - f) + 2 and /3(6l) |(p - i) as 9 ^ oo. 

As ^ < p < the two limits are positive. Thus, for 9 sufficiently large we obtain 

a{9) > and I3{9) > 0. 

This concludes the proof of the lemma. □ 

When p — we can still control the TV'^-norm of \u\Pu in terms of the Z-norm. 
The idea is simple: Note that by Holder, we have 

(2.11) <||z.|| ^ ll^ll^^ 

In order to get a small fractional power of ||it||z(/) on the right-hand side of H2.11|l . 
we need to perturb the above estimate a little bit. More precisely, we will replace 

the norm L^Lx^^ by Lx~^~'^ for a small constant e > 0. The latter norm inter- 

2n(2 + e) 2n(2 + e) 

polates between the fi-O-norm 1^+"" LS^^+'^~^ and the S'l-norm L^^^'^^^^^^ , 
provided e is sufficiently small. Thus, 

(2.12) \\u\\ < h||5i(/xE"), 

provided e is chosen sufficiently small. Keeping the L^L^+^-norm on the left-hand 

2n 

side of l|2.11(l . this change forces us to replace the norm Lf^Lx^^ (which appears on 
the right-hand side of H2.11|l ) with a norm which lies in the open triangle determined 

2ti 

by the potential energy {L'^Lx^'^ ), the mass {L'^L'^), and the Z-norm. Therefore, 
we have the following 

Lemma 2.8. Let L x M" be a spacetime slab. Then, there exists a small constant 
< 9 < I such that 

n + 2 a 



(2.13) \\H — u\\^o^i^^.^ < 



Si(/xR")- 
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Proof. We will in fact prove the following estimate 

(2.14) IIH^^ll ^ ^<M ^M^\\u\\l^f\4uf'^ ^, 

which holds for e > sufficiently small. Here, all spacetime norms are on the slab 
/ X R" and 

(l + £)£ , , , , 4 (n + 2 + e)e 
a £ ■— tttt: r and Me) := — ^ — . 

^ ' 2(2 + e) ^ ' n-2 2(2 + e) 

In order to prove (|2.14(l . we just need to check that for e > sufficiently small, 
a(£) and h{e) are positive, since then the estimate is a simple consequence of Holder's 
inequality. 

It is easy to see that as functions of £, a is increasing and a(0) = 0, while b is 
decreasing and 6(0) = Thus, taking £ > sufficiently small, we have a(£) > 
and 6(e) > 0, which yields (|2.14|l for the reasons discussed above. 

Taking := -^i^^ and using ifTT^ . we obtain 

□ 



Remark 2.9. An easy consequence of 12.14|l are estimates for nonlinearities of 

4 

the form \u\ "-2 w. More precisely, on every spacetime slab I x M" we have 



and 



^^'llAro(/xR'.) < l|M|U(/)||w||si'j^R„)||t;||si(/xR") 



'^^llArO(/xK'.) ^ lkll2(/)lkllsi(/xK'.)ll«llsif7xI 



3. Local theory 

In this section we present the local theory for the initial value problem . We 
start by recording the local well-posedness statements. As the material is classical, 
we prefer to omit the proofs and instead send the reader to the detailed expositions 
in 11 0112 ESI. 

Proposition 3.1 (Local well-posedness for (jl.lll with ij^-subcritical nonlineari- 
ties). 

Let uo G H^, Ai and A2 be nonzero real constants, and < pi < p2 < ;~2 ■ Then, 
there exists T — T{\\uq\\hi) such that with the parameters given above admits 

a unique strong H^-solution u on [~T,T\. Let {—TmimTmax) be the maximal time 
interval on which the solution u is well-defined. Then, u G S^{I x R") for every 
compact time interval I C {^Tmin, Tmax) and the following properties hold: 
• If Tmax < 00, then 



, 1™ hWllffi = 00; 

t — >1 max ^ 



similarly, if Tmin < OO; then 



^Jim ||u(t)||^i 



• The solution u depends continuously on the initial data uq in the following sense: 
There exists T = T{\\uo\\h^) such that ifu'^^ — > Uq in and ifu^"^^ is the solution 

to with initial data u"™\ then M^™) IS defined on [~T, T] for m sufficiently 

large and u^™) ^ u m S^{[-T,T] x M"). 
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Proposition 3.2 (Local well-posedness for (11.1(1 with a i7^-critical nonlincarity) . 
Let uq G H^, Ai and A2 be nonzero real constants, and < pi < P2 ^ Then, 
for every T > 0, there exists rj = JyCT) such that if 

\W^^Uo\\xi([-T,T]) < V, 

then (|l.l|l with the parameters given above admits a unique strong H]^-solution 
u defined on [— T, T]. Let {—TmimTmax) be the maximal time interval on which 
u is well-defined. Then, u £ S^{I x R") for every compact time interval L C 
(—TmimTmax) o,nd the following properties hold: 

• IfTmax < 00, then 

either ^Jmi ||M(t)||^i 00 or \\u\\g^f^f_^^j,^^^-^^^„^ ^ 00. 

Similarly, if Tmin < 00, then 

either ^^lim ||'a(t)||^i = 00 or ||m|Isi((„t_„,o)xR'.) = 0°- 

• The solution u depends continuously on the initial data uq in the following sense: 
The functions T^i^ and T^ax ft'^e lower semicontinuous from to (0, 00] . More- 
over, if Mg™^ — > Uq in and if IS the maximal solution to p.l|) with initial 
data Mq™\ then u'™^ ^ u in LlH^{[—S, T] xR") for every q < 00 and every interval 

We record also the following companion to Proposition 13. 21 

Lemma 3.3 (Blowup criterion). Let uq G and let u be the unique strong H].- 
solution to with p2 = -^^^ on the slab [0, Tq] x M" such that 

ll^llxi([0,To]) < °°- 

Then, there exists 5 = S{uo) > such that the solution u extends to a strong 
-solution on the slab [0,To + S] x M". 

The proof is standard (see, for example, 0). In the contrapositive, this lemma 
asserts that if a solution cannot be continued strongly beyond a time Tq, then the 
X^-norm (and all other S^-norms) must blow up at that time. 

Next, we will establish a stability result for the L^-critical NLS, by which we 
mean the following property: Given an approximate solution 

A ~ I ~ I i- ~ 

ivt + Aw = |t;| " w + e 
v{0,x) = voix) e L2(]R") 

to H1.7|l . with e small in a suitable space and vq — vq small in L^, there exists a 
genuine solution v to (|1.7() which stays very close to v in L^-critical norms. 

Lemma 3.4 (Short-time perturbations). Let L be a compact interval and let v be 
an approximate solution to (|1.7() in the sense that 

4 

{idt + A)ij — \v\"v + e, 
for some function e. Assume that 
(3.1) MLrLiiixm^) < M 
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for some positive constant M. Let to £ I and let v{to) close to v{to) in the sense 
that 

(3.2) \\vito)-iito)\\Ll<M' 
for some M' > 0. Assume also the smallness conditions 

(3.3) Mv(i) < £0 

(3.4) \\e'^'-'"^''{vito)-i)ito))\\y^,^<e 

(3.5) Ikllxrof/xE") < £: 

for some < s < Eq where Eq — eo{M, M') > is a small constant. Then, there 
exists a solution v to (|1.7|l on I x R" with initial data w(to) at time t — t^ satisfying 

(3.6) h~nv(i)<e 

(3.7) \\v~i\\so(i^w.^)<M' 

(3.8) ||t;||^o(,xK")< M + M' 

(3.9) ||(zat + A)(t--^) + e||^„(,^„„) <e. 

Remark 3.5. Note that by Strichartz, 

\\e^^'-'°^^{vito) ~ v{to)) ||^(,)< |k(<o) - ^(<o)IU^ 
so the hypothesis H3.4|l is redundant if M' — 0{e). 

Proof. By time symmetry, we may assume to = inf /. Let z := v — v. Then z 
satisfies the following initial value problem 

\ izt + Az = |S + z|" (u + z) — \v\^v — e 
I z{to) = v{to) - v{to). 



For t e / define 



By H3.3|l . we have 



S{t) := + A)z + e||jvo([t„_t]xR"). 



Sit) < \\{idt + A)z + e\\ 

Lt."^" ([to,t]xR") 

^ ll^lly([l,t]) + Mv([ioA)M\v{[to,t]) 
1+i. ± 

(3.10) < \\4v{\loA) + ^0 \\4v([to,t])- 

On the other hand, by Strichartz, (|3.4II . and 13.5|) . we get 

lklk([to,t]) ^ l|e'^*~*"^^^(to)|k([t„,*]) + S{t) + ||e||jVo([t„,t]xM.) 

(3.11) <S{t) + e. 

Combining (|3.1U|) and H3.11|l . we obtain 

S{t) < (Sit) + ey+^ + 4 (Sit) +e)+e. 

A standard continuity argument then shows that if £o = £q{M,M') is taken suffi- 
ciently small, then 

S{t) < e for any t e /, 
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which imphcs H3.9|l . Using (|3.9|l and (|3.11|l . one easily derives ()3.fi|l . Moreover, by 
Strichartz, (ESJ, and 

l|2|ls»(/xR'.) ^ lk(io)||L2 + ||(j9t + A)z + e||jvo(/xR") + l|e|lAro([t„_4]xM^) 
< M' + e, 

which estabHshes %\.7\ . 

To prove we use Strichartz, igU, (E^, (ESJ, and (|^ : 

ll'f'llsO(/xR'.) ^ lk(^o)|U2, + IK^^t + A)w|i^o(/xR") 

< + ^(io) - ^(to)llL^ + 11(^9* + A)(f - + e|Uo(jxR") 

+ ll(«5t + A)^||xrO(/xR'.) + l|e|iArO(7xR") 

<A/ + M'+e+||(iat + A)^|| 



< M + M' + 



V(I) 



<M + M' - 
< M + M'. 



□ 



Building upon the previous lemma, we have the following 

Lemma 3.6 (L^-critical stability result). Let I be a compact interval and let v be 
an approximate solution to (jl.7(l in the sense that 

4 

{idt + A)v — \v\~v + e, 
for some function e. Assume that 

(3.12) Ml^lhixR'^) < M 

(3.13) \\v\\v(i)<L 

for some positive constants M and L. Let to Cz L and let v{to) close to v(to) in the 
sense that 

(3.14) \\v{ta)-v{to)\\Ll<M' 

for some M' > 0. Moreover, assume the smallness conditions 

(3.15) ||e^(*-*")^(^(io)-^(to))||^(,)<e 
(3-16) l|e|lAro(jxR") < 

for some < e < ei where e\ = ei(M, M', L) > is a small constant. Then, there 
exists a solution v to ()1.7|l on I x M." with initial data w(to) at time t = to satisfying 

(3.17) \\v-mvii)<eC{M,M',L) 

(3.18) \\v - S IUo(,xR") < CiM, M', L)M' 

(3.19) ||«|Uo(ZxR") < 

Remark 3.7. By Strichartz, the hypothesis (|3.15|l is redundant if M' = 0(e); 
see Remark \3.5\ Assumvtion M.'A is not explicitly used in the proof of this lemma, 
although in practice one needs an assumption like this if one wishes to obtain the 
hypothesis (|3.13|l . 
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Proof. Subdivide / into ~ (1 + ^)~^"^ subintervals Ij — [tj, tj+i] such that 

where Eq = eo{M, 2M') is as in Lemma [3.41 We need to replace M' by 2M' as the 
mass of the difference v ^ v might grow shghtly in time. 

Choosing £i sufficiently small depending on N, M, and AI' , we can apply 
Lemma r-i.41 to obtain for each j and all < e < ei 

\\v-i\\vii,)<C{j)e 
Il«lls0(/,XE") <C(j)(M + Af') 

provided we can prove that H3.f4|l and (|3.f 5() hold with to replaced by tj . In order 
to verify this, we use an inductive argument. By Strichartz, (|3.f 4|l . H3.I6|I . and the 
inductive hypothesis, 

Ht,) - v{tj)\\Li < Hto) - iito)\\L2 + \\{tdt + A){v e||^o([t„,t^]xE^) 

+ lk'llA'0([to,tj]xR") 
j 

<M' + J2 C{k)e + £. 

A:=0 

Similarly, by Strichartz, H3.I5|I . (|3.16|) . and the inductive hypothesis, 

+ Wdt + A)(u - 5) + e||jvo([f„^t^.]xR«) 
i 

< e + ^C(fc)£. 

fc=0 

Here, C{k) depends on fe, M, M', and £o. Choosing ei sufficiently small depending 
on iV, M, and M' , we can continue the inductive argument. □ 

The corresponding stability result for the iJ^-critical NLS in dimensions 3 < 
n < 6 is derived by similar techniques as the ones presented above. However, the 
higher dimensional case, n > 6, is more delicate as derivatives of the nonlinearity are 
merely Holder continuous of order rather than Lipschitz. A stability theory for 

the TJ^-critical NLS in higher dimensions was established by the first two authors, 
|27j . They made use of exotic Strichartz estimates and fractional chain rule type 
estimates in order to avoid taking a full derivative, but still remain energy-critical 
with respect to the scaling'^. We record their result below. 

Lemma 3.8 (i?^-critical stability result). Let I be a compact time interval and let 
w be an approximate solution to H1.5|l on I x W" in the sense that 

4 

{idt + A)w = \w\'^w + e 



■^A very similar technique was employed by K. Nakanishi, 1221. for the energy-critical non-linear 
Klein-Gordon equation in high dimensions. 
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for some function e. Assume that 

(3.20) \\w\\wn) < L 

(3.21) II*IIl,~hi(/xM") < ^0 

for some constants L,Eq > 0. Let to ^ I and let w{to) close to to(io) w the sense 
that 

(3.22) \\w{to)-w{to)\\Hi<E' 
for some E' > 0. Assume also the smallness conditions 

(3.23) (y^ ||P^Ve'(*"*°)^(^(to) - w{to)) f Y^' < s 

(3.24) l|Ve||A,o(,,K„) < e 

for some < s < S2, where S2 = S2{Eq, E' , L) is a small constant. Then, there 
exists a solution w to p.5|) on I x R" with the specified initial data w(io) time 
t = to satisfying 



(3.25) \\V{w-w)\\ 2„(^+2) <C{Eo,E',L){e + e' 



(3.26) W'w-wWsHi-xK.r^) < C{Eq, E' , L){E' + e + eT^^) 

(3.27) \\w\\s,^j,^^^<C{Eo,E',L). 

Here, C{Eo,E',L) > is a non- decreasing function ofEo,E',L, and the dimen- 
sion n. 

Remark 3.9. By Strichartz and Plancherel, on the slab I x K" we have 

1/2 



(5]||P^Ve'^(*-*«)^(«;(to)-ri)(io))f ^ 



+ 2) 2,.(n + 2) 
"^4 



1 /2 

AT 

< ||V(z;;(io)-^i(to))||Lri^ 
<E', 

so the hypothesis H3.23|l is redundant if E' — 0(e). 

We end this section with two well-posedness results concerning the L^-critical 
and the i/^-critical nonlinear Schrodinger equations. More precisely, we show that 
control of the solution in a specific norm (|| • \\v for the L^-critical NLS and || • \\w 
for the i/^-critical NLS), yields control of the solution in all the S'^-norms . 

Lemma 3.10. Let fc = 0, 1, / be a compact time interval, and let v be the unique 
solution to H1.7|l on L x M" obeying the bound 

(3.28) \\v\\vii)<L. 
Then, if to £ I and v{to) G , we have 

(3.29) ll^'llsH/xM") <C(i)ll«(MllH- 
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Proof. Subdivide the interval / into iV ^ (1 + ^) * ' subintervals Ij = [tj,fj+i] 
such that 

\Hvii,) < V, 

where 77 is a small positive constant to be chosen momentarily. By Strichartz, on 
each Ij we obtain 

IIHIsM/,xR") ^ \Ht,)\\m + li|V|'(|«|^«)|| 



< \Hh)\\H>^+v~\MsHi 



y(/j)l!''IISfc(/jXK") 

)■ 



Choosing 77 sufficiently small, we obtain 

Adding these estimates over all the subintervals Ij , we obtain H3.29|l . □ 

Lemma 3.11. Let k = 0,1, I be a compact time interval, and let w be the unique 
solution to H1.5|l on I x M" obeying the bound 

(3.30) Ikllw) < L. 
Then, if to E I and w{to) G H^, we have 

(3.31) ||i«||<j.(,,„„) <C(L)|lu;(io)||^.. 

Proof. The proof is similar to that of Lemma 13.101 Subdivide the interval / into 

^ 2(T^ + 2) 

~ (1 + .^) "-2 subintervals Ij = [tj, tj+i] such that 

where 77 is a small positive constant to be chosen later. By Strichartz, on each Ij 
we obtain 

|k|l5.(..xR„) < \\wit,)\\^, + \\\V\Ww\^-w)\\ 

4 

Choosing 77 sufficiently small, we obtain 

ll"^lls'=(/,xR") - 

The conclusion (|3.31|) follows by adding these estimates over all subintervals Ij . □ 

4. Global well-posedness 

Our goal in this section is to prove Theorcm ll.il We shall abbreviate the energy 
E{u) as E, and the mass M{u) as M. 

There are two ingredients to proving the existence of global solutions to p.l|l in 
the cases described in Theorem ll.il One of them is a 'good' local well-posedness 
statement, by which we mean that the time of existence of an iJ^-solution depends 
only on the iJ^-norm of its initial data. The second ingredient is an a priori bound 
on the kinetic energy of the solution, i.e., its iJ^-norm. These two ingredients 
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together with the conservation of mass are sufficient to yield the existence of global 
solutions via the standard iterative argument. 

Before we continue with our proof, we should make a few remarks: 
The existence of global L^-solutions for Hl.l|l when both nonlinearities are L^- 
subcritical, i.e., < pi < p2 < ^, follows from the local theory for these equations 
and the conservation of mass. Indeed, the time of existence of local solutions to 
in this case depends only on the L^-norm of the initial data and global well- 
posedness in follows from the conservation of mass via the standard iterative 
argument. For details see |12[ 1131 1^. However, we are interested in the existence 
of global i/^-solutions so, in order to iterate, we also need to control the increment 
of the kinetic energy in time. 

Moreover, while in the case when both nonlinearities are energy-subcritical the 
time of existence of i7^-solutions depends on the _ff^-norm of the initial data, in the 
presence of an energy-critical nonlinearity, i.e., p2 = the local theory asserts 
that the time of existence for _ff^-solutions depends instead on the profile of the 
initial data. In order to prove a 'good' local well-posedness statement in the latter 
case, we will treat the energy-subcritical nonlinearity as a perturbation to 

the energy-critical NLS, which is globally wellposed (see |Sl l23ll5n) l. 

4.1. Kinetic energy control. In this subsection we prove an a priori bound on 
the kinetic energy of the solution, which is uniform over the time of existence and 
which depends only on the energy and the mass of the initial data. More precisely, 
we prove that for all times t for which the solution is defined, we have 

(4.1) \\u{t)\\^,<C{E,M). 
As the energy 

is conserved, we immediately see that when both Ai and A2 are positive, we obtain 

\\'^n{t)\\l<E^ 

uniformly in time. 

Whenever Ai < and A2 > 0, we remark the inequality 

-^^Ht,x)r+^ + ^^\u{t,x)r+^>-c{\u\2)\u{t,x)\\ 

Pl + 2 P2 + 2 

which immediately yields 

\\Vu{t)\\l<E + M, 
uniformly over the time of existence. 

When both Ai and A2 are negative, the hypotheses of Theorem 11.11 also force 
< pi < P2 < —■ By interpolation and Sobolev embedding, for all times t we 
obtain 

\Hmp.+2<\\uml~™\\um^ 

n-2 

< M5^3(f7^2)||Vu(t)||f^, 

where i = 1, 2. Thus, 

(4.2) Mt)r;^l<M'-^^\\Vuit)\\^. 
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Next, we make use of Young's inequality, 

(4.3) a6<£a« + e"^6'', 

valid for any a,b,s > 0, with 1 < g < oo and q' the dual exponent to q. Taking 

a = ||Vu(i)l|2^ , b^l, and q = we obtain 

Choosing e sufficiently small, more precisely e — c^M' t—^^"^ for some positive 
constant c 1, we get 

\\u{t)r;Xl<4'^<mi+c{M) 

Thus, by the conservation of energy, 

||Vii(i)||2 < C{E,M) 

uniformly in t. 

4.2. 'Good' local Virell-posedness. In this subsection we prove a 'good' local well- 
posedness statement for in the presence of an energy-critical nonlinearity, i.e., 
P2 = ;732- More precisely, we will find T = T(||uo||//i) such that in this case, 1)1.1(1 
admits a unique strong solution u G S'^([— T, T] x M") and moreover, 

(4.4) hllsi([-T,T]xR") <C{E,M). 

In the case when both nonlinearities are energy-subcritical, this is a consequence 
of Proposition 13.11 The bound 1)1.6)1 follows easily from ()4.4)) by subdividing the 
interval / into subintervals of length T , deriving the corresponding S'^-bounds on 
each of these subintervals, and finally adding these bounds. 

To simplify notation we assume without loss of generality that |Ai| — IA2I — 
1. Moreover, by the local theory (see Section 2, specifically Proposition 13.21 and 
Lemma I3. 3)1 it suffices to prove a priori X^-bounds on w on a time interval whose 
size depends only on the _ff^-norm of the initial data. That is, we may assume that 
there exists a strong solution u to ()l.l)l with p2 = on the slab [— T, T] x R" 

and show that u has finite X^-bounds on this slab as long as T = r(||uo||/fi) is 
sufficiently small. 

In establishing this local well-posedness result, our approach is entirely pertur- 
bative. More precisely, we view the first nonlinearity as a perturbation to 

the energy-critical NLS, which is globally wellposed, 1^ 1231 150] . 

Let therefore w be the unique strong global solution to the energy-critical equa- 
tion p. 5)1 with initial data wq = uq at time t = 0. By the main results in (?)l l23irnij . 
we know that such a w exists and moreover, 

(4.5) ll^llsi(RxR") <<^(II"o|Ihi)- 

Furthermore, by Lemma 13.111 we also have 

II^II50(RXR'^) < C^(II"0||^i)II"0||l^ < C{E,M). 

By time reversal symmetry it suffices to solve the problem forward in time. By 
()4.5I) . we can subdivide K.+ into J = J{E,ri) subintervals Ij = [tj,<j+i] such that 

(4-6) \H\x^ii,)^V 
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for some small r] to be specified later. 

We are only interested in those subintervals Ij that have a nonempty intersection 
with [0,r]. We may assume (renumbering, if necessary) that there exists J' < J 
such that for any < j < J' — 1, [0, T] n /j- 7^ 0. Thus, we can write 

[o,T] = u/:oi([o,T]n/,). 

The nonlinear evolution w being small on the interval Ij implies that the free 
evolution e'^^*~^''>^w{tj) is small on Ij. Indeed, this follows from Strichartz, Sobolev 
embedding, and (|4.6(l : 

L,_:+^ (/,XR") 

4 

< ^(" + ^) Ikll " 2(1 + 2) 

< 77 + C77^ , 

where C is an absolute constant that depends on the Strichartz constant. Thus, 
taking 77 sufficiently small, for any < j < J' — 1, we obtain 

(4.7) ||e'(*-*^)'^u;(i,)||^.(,^.)<2r7. 

Next, we use (|4.6f) and (|4.7|l to derive estimates on u. On the interval Iq, recalling 
that u(0) = w(0) = uq, we use Lemma f2. 51 to estimate 

Assuming rj and T are sufficiently small, a standard continuity argument then yields 

(4.8) hllxi(/o) < 4^- 

Thus, H3.20|l holds on / := Iq for L := ACij. Moreover, in the previous subsection we 
proved that holds with Eq := C{E,M). Also, as holds with E' := 0, 

we are in the position to apply the stability result Lemma 13.81 provided the error, 
which in this case is the first nonlinearity, is sufficiently small. As by Holder and 
(Oil . 

(4.9) l|Ve|l,o(,„.„„) <T-^||.||-+^^^, <T-^,-+\ 

we see that by choosing T sufficiently small (depending only on the energy and the 
mass of the initial data), we get 

ll^'^llwO(/(,xR") < ^' 

where e = £{E, M) is a small constant to be chosen later. Thus, taking e sufficiently 
small, the hypotheses of Lemma 13.81 are satisfied, which implies that the conclusion 
holds. In particular, 

(4.10) \\u-w\\s.^j^^^^^)<C{E,M)e' 

for a small positive constant c that depends only on the dimension n. 
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By Strichartz, (|4.1Q(I implies 

(4.11) \\u{h)-w{h)\\jj^ <C{E,M)e^, 

(4.12) \\e^('''^^^iuih)^wih))y,^,^^<C{E,M)e^. 
Using (|4.7|l . (|4.11|l . I|4.12(l . and Strichartz, we estimate 

< ||e'(*-*^)^u;(ti)||^.(,^) + ||e^(*-*^)^(t.(ii) - «;(ti))|U.(,^) 

A standard continuity argument then yields 

< 4??, 

provided e is chosen sufficiently small depending on E and M, which amounts 
to taking T sufficiently small depending on E and M. Thus H4.9|l holds with /o 



replaced by Ii and we are again in the position to apply Lemma |3. 81 on I :~ Ii to 
obtain 

\\u-w\\s.^j^^<C{E,M)e'^\ 
By induction, for every < j < J' — 1 we obtain 

(4.13) < 47?, 

provided s (and hence T) is sufficiently small depending on the energy and the 
mass of the initial data. Adding H4.13|l over all < j < J' — 1 and recalling that 
J' < J = J{E, ri), we get 

(4.14) <4J',7<C(i?). 

Next, we show that (|4.14|) implies 5^-control over the solution u on the slab 
[0,T] X R". This type of argument will appear repeatedly in Section 5. However 
each time, the hypotheses will be slightly different; this is why we choose not to 
encapsulate it into a lemma. 

By Strichartz, Lemma (gHH), and recalling that T = T{E,M), we 
obtain 

(4.15) <C{E,M). 
Similarly, 



Xi([0,T])ll"ll-*''([0:T]) 

(4.16) < +C(i?,Af)||u||P.\^j^_^jjh||^o([o,T]xR") 

4 

ll^llli([0,T])ll'^ll5'f^([0,T]xE")- 
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Subdividing [0, T] into N = N{E, M, 5) subintervals Jk such that 

ll"llxi(JO ~ ^ 

for some small constant 5 > Q, the computations that lead to (|4.16() now yield 
Choosing 5 sufficiently small depending on E and M , we obtain 

ll^ll50(J.x«")^^^(^'^^) 

on every subinterval Jk- Adding these bounds over all subintervals Jk, we get 

(4.17) h||50([o,T]xM") <C(^.^^)- 

Collecting and (jCTfll . we obtain 

||u||5i([0,T]) <C(i?,M). 

This concludes the proof of Thcorcm ll.il 

5. Scattering results 

In this section we prove Theorem 1 1.31 As before we shall abbreviate the energy 
E{u) as E, and the mass M{u) as M . The key ingredient is a good spacetime 
bound; scattering then follows by standard techniques (see subsection 4.8). 

In the case when both nonlinearities are defocusing, i.e., Ai, A2 > 0, an a priori 
spacetime estimate for the solution is provided by the interaction Morawetz inequal- 
ity, which we develop in subsection 5.1. In subsections 5.2 through 5.5, we upgrade 
this bound to a spacetime bound that implies scattering, thus covering Case 1) of 
Theorem 11.31 Case 2) is treated in subsections 5.6 and 5.7. In subsection 5.8 we 
construct the scattering states and prove the scattering result. 

5.1. The interaction Morav^fetz inequality. The goal of this subsection is to 
prove 

Proposition 5.1 (Morawetz control). Let I he a compact interval, Ai and A2 
positive real numbers, and u a solution to (|1.1|) on the slab I x M" . Then 

(5.1) ||w|| < ||u||l-//i(/xK")- 

L" + ^Lx""^ (/xR") 

We will derive Proposition 15 . II from the following: 

Proposition 5.2 (The interaction Morawetz estimate). Let L be a compact time 
interval and u a solution to Hl.l(l on the slab I x R". Then, we have the following 
a priori estimate: 

f f f A{j^)\u{t,y)\Mt,^)\^dxdydt 

V- , X KPi f f f \u(t,y)\^\u(t,x)\P'+'^ 
+ V2 n-1— ^/ / / ' ^ ''^^ I ^ '/I dxdydt 
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Proof. The calculations in this section are difficult to justify without additional 
assumptions (particularly, smoothness) of the solution. This obstacle can be dealt 
with in the standard manner: mollify the initial data and the nonlinearity to make 
the interim calculations valid and observe that the mollifications can be removed 
at the end using the local well-posedness theory. For clarity, we omit these details 
and keep all computations on a formal level. 

We start by recalling the standard Morawetz action centered at a point. Let a 
be a spatial function and u satisfy 

(5.2) iut + Au = N' 

on / X M". For t € I, we define the Morawetz action centered at zero to be 

M°(t) = 2 / aj{x)lm{u{t,x)uj{t, x))dx. 

A computation establishes the following 
Lemma 5.3. 

dtM°= [ (-AAa)|w|2+4 / ajkRe{u]Uk) + 2 [ a,{AA,u}^, 

jRi JM" JR" 

where we define the momentum bracket to be {f,g}p ■= Bje{fVg—gVf) and repeated 
indices are implicitly summed. 

Note that in the particular case when the nonlinearity is := X^^-i 2 
we have {A/", u}, = - E,=i,2 ^ V(|t.|f -+2). 

Now let a{x) := |x|. For this choice of the function a, one should interpret 
as a spatial average of the radial component of the L^-mass current. Easy 
computations show that in dimension n > 3 we have the following identities: 

\x\ \x\^ 
Aa{x) =——:- 



-AAa(x)=-(n-l)A(^) 



and hence 



){x)dx 



+ 2 / i^{M.u}i{x)dx 

JR" Fl 

= -(n-l)/ A{^\\u{x)\^dx + A [ ^\Vou{x)\^dx 

jRn \\X\J Jgn \X\ 

+ 2 [ ^{M,u}p{x)dx, 

JR" Fl 

where we use Vq to denote the complement of the radial portion of the gradient, 
that is, Vo :=V-^(^-V). 
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We may center the above argument at any other point y G M". Choosing a{x) 
\x — ?/|, we define the Morawetz action centered at y to be 



My{t)^2j ^ — y-luY{u{t,x)Vu{t,x))dx. 



\x - y\ 

The same considerations now yield 

dtMy^-{n-l)f A(^^)\u{x)\^dx + A [ ^—\S/yu{x)\^dx 
Je" y\x-y\y Jr. \x-y\ 

+ 2 [ .^^^{M,u}p{x)dx. 

Jr" f - y\ 

We are now ready to define the interaction Morawetz potential, which is a way 
of quantifying how mass is interacting with (moving away from) itself: 

f interact / 



M™™(t):= / \u{t,y)\'My{t)dy 



= 2Im / / \u{t,y)\^-^^Wu(t , x)u{t, x)dx dy. 

Jr" jr" f ~ y\ 

One obtains immediately the easy estimate 

|M™™(0|<2h(i)||i.h(t)||^i. 

j: X 

Calculating the time derivative of the interaction Morawetz potential, we get the 
following virial-type identity: 

(5.3) 9iM"™ = - (n - 1) / / A(^^)\uiy)\^\u{x)\^dxdy 

(5.4) +4/ / i^(y)nv.^wp,,,^ 

Jr" Jr" F - y\ 

(5.5) +2/ / \u{y)\'^^{Af,uUx)dxdy 

jR" jR" F ~ y\ 



(5.6) +2 / dyJmiuuk){y)Mydy 



(5.7) +4Im/ / {A/',u}„(y)j^ — ^ Vu(a;)u(a;)da; dy, 

■/r" Jr" f - y\ 

where the mass bracket is defined to be {f,g}m ■— Inr(/5). Note that for the non- 
linearity of interest TV := 2 Kl^l^'u, we have {A/", u}m = 0. 

As far as the terms in the above identity are concerned, we will establish 

Lemma 5.4. (jSUl > - lfO| . 

Thus, integrating with respect to time over a compact interval /, we get 
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Proposition 5.5 (General interaction Morawetz inequality). 

1 



(n-1) 



A 



\x - y\ 



\u{y)\ \u(x)\ dxdydt 



\u{t, y)\^-. ^{A/", u\p[t, x)dx dy dt 



<4|k| 



+ 4 



\Vu\ 



\x - y\ 



\{Af, u}m{t, y)u{t, x)Vu{t, x)\dx dy dt. 



Note that in the particular case J\f — 2 after performing an inte- 

gration by parts in the momentum bracket term, the inequality becomes 

1 



2{n-l) J2 



A 



\x - y\ 



i=l,2 • 



\u(yy^\u(xy^ dx dy dt 
\u{t,y)\Mt,x)r+^ 

\x - y\ 



dx dy dt 



< 4||u||^co^2(jxR")I|Vu||l^ocl2(/xR"), 

which proves Proposition 15. 21 

We turn now to the proof of Lemma [5.41 We write 



dyJuY{u{y)uk{y)) 



Xj yj 



lm{u{x)uj {x))dx dy, 



where we sum over repeated indices. We integrate by parts moving dy^, to the unit 



vector 



1^3^. Using the identity 

"^yAix-yi)- 



Sk] ^ {xk - yk){xj - yj) 



F - y\ 



\x - y[ 



and the notation p{x) — 21m{u{x)Vu(x)) for the momentum density, we rewrite 
(|5^ as 

dx dy 



p{y)p{x) - {p{y) _ ^| ) [pi^) 



x~y 



|a;-y|/ V \x-y\J\ \x - y\' 

Note that the quantity between the square brackets represents the inner product be- 
tween the projections of the momentum densities p{x) and p{y) onto the orthogonal 
complement of (x — y). But 

— y / X — y \ 

V{x-y)^p{y)\^ Piy)~] r(i rP(y) =2\lm.{u{y)Vxuiy))\ 

\x -y\\\x -y\ I 

<2\u{y)\\V ^u{y))\. 
As the same estimate holds when we switch y and a;, we get 

dxdy 



(1^ > -4 



F - y\ 



> -2 



\u{y)f\^yu{x)\^ 



F - y\ 



■dx dy — 2 



\uix)\^\vMy)\' 
\x - y\ 



dx dy 



> -(lOli. 

which proves Lemma 15.41 



□ 
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We return now to the proof of Proposition 15.11 We are assuming that both 
nonhnearities are defocusing, i.e., Ai > and A2 > 0. An immediate coroUary of 
Proposition 15 . 21 in this case is the foUowing estimate: 

(5.8) - / / / A(-^-'\\u{t,y)\^\uit,x)\^dxdydt<\\u\\l^H^ji^^^^y 
In dimension n = 3, we have — A(|iy) = And, so ()5.8|l yields 

\u{t,x)\^dxdt < ||w||ij»jji(/xR3), 

which proves Proposition 15 . II in this case. 

In dimension n > 4, an easy computation shows — A(jij) = As convolution 

with is (apart from a constant factor) essentially the fractional integral operator 

|V|-("-3), from (inSl we derive 

(5.9) IIV^'^lunii^^f/xR") < lklli~i/i(/xR")- 

A consequence of (|5.9|) is 

(5-10) I|V~^u||l4 j^xR") ^ hoh^HlilxR"), 

as can be seen by taking / = u in the following 
Lemma 5.6. 

(5.11) ll|V|-^/|l4<|||V|-^|/P||^/^ 

Proof. As |V| ~ and |V| ~ correspond to convolutions with positive kernels, 
it suffices to prove (|5.11|l for a positive Schwartz function /. For such an /, we will 
show the pointwise inequality 

(5.12) Si\V\-^f){x) < [(|vr^|/p)(x)]V2, 

where S denotes the Littlewood-Paley square function Sf := (X^at \Pn fl'^Y^^ ■ 
Clearly H5.12|l imphes H5.11|l : 

iiivi-^/ii4 < ii^(ivr"^/)ii4 < m\-^\ff)'/% < iiivr^^i/m^/'. 

In order to prove (|5.12l) we will estimate each of the dyadic pieces, 
^^iv(|Vr^/)(x) = J e2"-«/(0|?r^m(e/iV)de, 
where m(^) :— (/i(^)— 0(2^) in the notation introduced in Section 2. As |^| ~m{^/N) ~ 

71—3 

N ~m[S^/N) for rh a multiplier with the same properties as m, we have 
PNil'^r'^nix) - / * {N-'^[A{^/N)Y{x)) = iV^/ * ThiNx) 
= J fix - y)^{Ny)dy. 

Hence, 

\Pn{M~^ f){x)\ < n"-^ f fix - y)dy 
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and a simple application of Cauchy-Schwartz yields 



5(iv|-^/)(x) = (j2 |p^(ivr"^/)(x)p 

N 

<(yN^\f 



1/2 



,.,1/2 

f{x - y)dy\ 

|<Ar-i 



<(^7V^iV-"/ \f{x~y)\'dy 
^ N J\y\<N-^ 

<(J2n'^ [ \f{x~y)\'dy 



1/2 



As 



we get 



N \v\<N~'^ 



s{\w\-^f){x) < U \i^^^dy)"" ^ [(ivr^i/n(x)] 



\y\ 

and the claim follows. □ 

Proposition 15.11 in the case n > 4 follows by interpolation between H5.1(J|I and 
the bound on the kinetic energy, 

\\^u\\ltli<eK 

which is an immediate consequence of the conservation of energy when both non- 
linearities are defocusing. 

5.2. Global bounds in the case ^ = pi < p2 < and Ai,A2 > 0. In this 
subsection, we upgrade the spacetime bound given by Proposition lS.ll to a spacetime 
bound that implies scattering for solutions to with |- = Pi < P2 < 7^35 ^^"^ 
Ai, A2 positive. To simplify notation, we assume, without loss of generality, that 
Ai = A2 = 1. 

Our approach in proving the desired spacetime estimate is perturbative. More 
precisely, we view the second nonlinearity as a perturbation to the L^-critical NLS. 
The result we obtain is thus conditional upon a satisfactory global theory for the 
L^-critical problem; specifically, it holds under the Assumption 11.21 

By Proposition 15.11 and the conservation of energy and mass, we get 

Ikllzm ^ llwlUj-HiCRxR") < C{E,M). 

Let £ > be a small constant to be chosen later. Split M into J = J{E, M, e) 
subintervals , < j < J — 1 , such that 

\\u\\z{i,) - £• 

We will show that on each slab Ij x M", u obeys good Strichartz bounds. 

Our analysis in this subsection will be carried out in the following space: On the 
slab / X R", we define 



Y\I) := l;+'L^<^^+^'-^^ (/ X M") n V{I), 
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where 6* > is chosen sufBciently large so that (I2.1()(l holds. This allows us to 
control the second nonlinearity in terms of the y'^-norm, the _ff^-norm, and the 
Z-norm: 

iii"r"iUo(,,.,„) < M . ii"r.:41?;i«.)ii"iii(..) 

(5.13) < C(S,AfK||u||^o(,^.), 

for all < j < J — 1 and a constant c := 2(29+1) • 

In what follows, we fix an interval Ij^ = [a, 5] and prove that u obeys good 

n 

w as a perturbation to solutions to the L^-critical NLS, 



Strichartz estimates on the slab Ij„ x R". In order to do so, we view the solution 



J ivt + Aw = \v\nv 
I v{a) = u[a). 

As this initial value problem is globally wellposed in , and by Assumption 11.21 
and Lemma I3. 101 the unique solution enjoys the global spacetime bound 

\\v\\so<C{M), 

we can subdivide R into K = K{AI,ri) subintervals Jk such that on each Jk, 
(5.14) \HYOij,)-V, 

for a small constant 77 > to be chosen later. Of course, we are only interested in 
those Jfc = [tk,tk+i] which have a nonempty intersection with Ij^. Without loss of 
generality, we may assume that 

[a, b] = U^^Q Vfe, to = a, tx' = b. 

The nonlinear evolution v being small on J^. x M" implies that the linear evolution 
gi(t-tfc)A^^^^^ is small as well. Indeed, by Strichartz and H5.14|l . we get 



|gi(t-tfc)A 



1+ ' 



<rj + CT]^+T:. 
Choosing 77 sufficiently small, this implies 
(5.15) l|e'(*-*'='^^;(^,)||^o(^,)<2r7. 

Next, we will compare u to u on the slab [to, ti] x R" via the L^-stability lemma 
and use the result as an input in the conditions one needs to check in order to 
compare u to u (again, via Lemma f3.6|l on the slab [^1,^2] x K". By iteration, we 
will derive bounds on u from bounds on v on all slabs Jk x R", < fc < K', and 
hence, we will obtain an estimate on the S^-norm of u on Ijg x R". 

We present the details below. Recalling that u{to) = v{to), by Strichartz, H5.13|l . 
and l|5.15|l . we get 

h||yO(,,„) < |le^(*"*"'^"(io)||yo(,,„)+C|||w|^Zi||^o(,,„,R„)+C'|||ur7.||^0(^„xE") 
,1+^ 



< 277 + + CiE, M)£^||u||^o(j„), 
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which, by a standard continuity argument, yields 

(5.16) hllyo(j„) < 4,y, 

provided rj and e — £{E, M) are chosen sufficiently small. Therefore, in order to 
apply Lemma l3.t)l we just need to check that the error term e = is small in 

7VO(Jo X M"). As by (151^ . 

(5.17) l|e|Uo(j„xM") < C{E, M)e^\\u\\y„^j^^^ < C{E, M)r^e^, 
choosing e sufficiently small depending only on E and M, we obtain 

By Strichartz, this implies 

(5.18) ||u(ti)-«(ti)|U2 <£=/2, 

(5.19) l|e^^*-*^'^(z.(ti)-i'(ti))||yo(,;,)<£=/^ 

Before turning to the second interval, Ji, let us also remark the following S^- 
control on u on the slab Jq x R". Indeed, by Strichartz, H5.13(l . and H5.16|l . we 
have 

ll"llsHJoxR") < Mo)\\Hi + ll"lly(,/o)ll"llsi(JoxR") + lll"r'"lljVi(JoxR") 

< C{E) + (477)^hlUi(j„xM") + C{E,M)e^\\u\\s^^j^^^.), 
which for rj and e — e{E, M) sufficiently small yields 

Ms^(j,,^,.^)<C{E). 

Next, we use (j5.18|l and (|5.19|) to estimate u on the slab Ji x R". By Strichartz, 
(|5.13|l . H5.15(l . and H5 19|l . we estimate 



< 



+ c^hlli.t^;^) + c(£;,M)£^hil^o(,,^) 

<2in + e^l^ + C\\uty.%,^ + C{E, M)e^\\u\\y,^j^y 
A standard continuity argument yields 

||u|lyO(j^) < 4r?, 

provided and e = £(£-, -A^) are chosen sufficiently small. This implies that the 
error, i.e., juj^^u, obeys H5.17|l with Jq replaced by J\. Choosing e sufficiently small 
depending on E and M, we can apply Lemma 13.61 to derive 

ll«-^llsO(JixR") <e'^*- 

The same arguments as before also yield 

ll"ll5i(J,xR")<C(i?). 

By induction, taking e smaller with each step, for each < fc < if' — 1 we obtain 

ll"-^'llso(j,xR") <e"/''^' 

and 

ll"ll5i(J.xR") < C{E). 
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Adding these estimates over all the intervals Jk which have a nontrivial intersection 
with /jg, we obtain 



K'-l 



k=0 

K'-l 

Il"llsi(/,„XR") ^ ll"llsi(J.xR") < 

k=0 

As the interval Ij^ was arbitrarily chosen, we get 

J-1 

lS''(RxR") ^ 



and hence 



«II50(RXR") ^ E ll"ll50(7,xE") ^ JC{E,M) < C{E,M), 

J-1 

I"I!5^(RXR") ^ E Il"llsi(/,XM") < JC(£;,M) < C(i?,M), 

j=o 



lkllsi(RxR") <C(£;,M). 



5.3. Ode to Morawetz. In this subsection we upgrade the bound (|5.1|l to good 
Strichartz bounds in the case ^ < Pi < P2 < ^'^'^ '^i' '^2 positive. For simplicity, 
we only derive spacetime bounds for solutions to the initial value problem 



(5.20) 



iut + Am — \uY'u 
m(0) = ito e i?^. 



with ^ < p < Treating the NLS with finitely many such nonlinearities 

introduces only notational difficulties. 

Scattering in H]. for solutions to H5.20|l was first proved by J. Ginibrc and G. 
Velo, [S]. Below, we present a new, simpler proof that relies on the interaction 
Morawetz estimate. 

By Theorem ll.il the initial value problem (|5.20|) is globally wellposed. Moreover, 
by Proposition 15.21 and the conservation of energy (E) and mass (M) , the unique 
global solution satisfies 

\\u\\ ^ hlUr^^^CKxR") < C{E,M). 

L" + ^L^""^ (RxR") 

Let ?7 > be a small constant to be chosen later and divide R into J — J{E, Af, rj) 
subintervals Ij = [tj,tj^i] such that 

||m|| 2(„+i) -r?. 
Then, on Ij u satisfies the integral equation 

u(t) = e*(*-*^)^u(ij) - i f e'^'-'^^{\uY'u){s)ds. 

By Strichartz, 

L^W^ (Ij xR") 
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which by Lemma l2 . 71 yields 

provided 9 is chosen sufficiently large. From the conservation of energy and mass, 
and choosing 77 sufficiently small (depending on E and M), we get 

ll"ll5i(/.xK") <c(£;,Af). 

Summing these bounds over all intervals Ij, we obtain 

l|u||5i(KxM") < JC{E,M) < CiE,M). 

5.4. Global bounds in the case ^ < pi < p2 = and Ai,A2 > 0. In this 
subsection we upgrade the spacetime estimate given by the interaction Morawetz 
inequality, H5.1|l . to spacetime bounds that imply scattering. The approach is sim- 
ilar to that used in subsection 5.2; this time, we view the first nonlinearity as a 
perturbation to the energy-critical NLS. Without loss of generality, we may assume 
Ai = A2 = 1. 

Let e be a small constant to be chosen later. As by Proposition 15.11 and the 
conservation of energy and mass, 

ll"IU(R) = ||"|| < ||w||L~ffi(KxR") < C{E,M), 

L"+^L^""^ (RxR") 

we can split M into J ~ J{E, M, e) intervals Ij , < j < J — 1, such that 
(5.21) \\u\\zii,)-e. 

We will show that on each slab Ij x R", u obeys good Strichartz bounds. 
For a spacetime slab / x R", we define the spaces 

, 2^(28 + 1) 2(„ + 2) 2(,. + 2) 2r.(„ + 2) 

Y"{I) -.^ L +T> L^^^''+'^-"' (/ X R") n L^y^ (/ X R") n (/ x R"), 

Y^I) := {u: Vue Y°{I)}, and Y^{I) := Y"{I)nYHl) 

with the usual topology. Here, is a sufficiently large constant so that (|2.1U|) holds; 
that is, on each slab Ij x R", 

llVfluPiu)" < ii^-ii ^ lu, II 2(28^+1) iu,ii"(s)+/3(e) 



L2lJT2(/jXR") 



<||V7.|| , 2„(2.+n IklllaVMkllrc^^HiTxR") 

(5.22) <C{E,M)e^\\u\\y,^,^y 

Moreover, in this notation we also have (by Sobolev embedding) 
(5.23) 



\v(\u\—u)\\ <l|Vu|| 2i^ hW"-^ < 



1-2 



II ■ ""11 ^'"T^' ll-^ll 2(n + 2) ll"'llvlCr-V 

L,.:+' (7,xR") (/,xR") lJ^(/^.xR") ^ 

for each < j < J — 1. 

Fix Ijg := [a,b]. On the slab Ijg x R", wc treat the first nonlinearity as a 
perturbation to the energy-critical NLS 



(5.24) 



iwt + Aw — \w\ "-2 w 
w{a) — u{a). 
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By the global well-posedncss results in I2;^l \'M)\ . there exists a unique global 
solution w to H5.24(l with initial data u{a) at time t — a and moreover, 

(5.25) IkllsMRxK") < C{\\u{a)\\^,) < C{E). 
By Lemma [3.111 H5.25|l implies 

lkllso(MxR") < C{\\u{a)\\^,)\\u(a)\\L. < C{E,M). 

Given H5.25|l . we can split M into K = K{E,ri) subintervals Jk — [tk,tk+i] such 
that 

(5.26) My.^j^^^r,, 

for some small constant > to be chosen later. Using (|5.26|) and Strichartz, 
it is easy to see that the free evolution e^^^~^^''^w{tk) is small on Jk for every 
< k < K - 1. Indeed, 



<\MyHJ,) + C\\w\0^j^^ 

(5.27) < 2r], 

provided rj is chosen sufficiently small. 

Of course, we are only interested in those Jk that have a nonempty intersection 
with Ijg ; we assume, without loss of generality, that for < /c < if ' — 1, Jfc n [a, 6] 7^ 
0, and write 

[a, 6] = uf^o Vfe = U^o ^[^fe' ^fe+i]' to = a, tx' = b. 

We are going to estimate u on each Jk x M". 

First we estimate u on Jo x M". Noting that w{to) = w(a) — u{a), by Strichartz, 
iniSnil, and (l^n . we get 

< l|e^^*-'')^^^(a)||i..(j„) + C{E, M)eTO lkllv-i(j„) + C|kll|rf^„) 

< 2ry + C(£;, M)e^ ll"llyi(j„) + ^ll^Hlrf..^)- 

Choosing ry and e = e(-E, Af) sufficiently small, a standard continuity argument 
yields 

\\u\\yi(j,) < 477- 

In order to apply Lemma l3.8l on the interval Jqj we are left to check that the error 
term e — \u\P'^u is small. As by H5.22|l . 

(5.28) II Ve||^o(^^^„„) < C{E, M)e^ lkllyi(j„) < C{E, M)e^rj, 

choosing e sufficiently small (depending only on the energy and the mass) , we may 
apply Lemma I3. 81 to obtain 

where c = c{n,9) is a small constant. By the triangle inequality and 15.25|l . this 
implies 

ll^b^(J„xM") < c{E), 
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while by Strichartz, it implies 

\\u{h)-w{h)\\^,<C{E}e^, 

(5.29) - w{h))\\YHJ,) ^ ^(^)^'- 

Now, we can use these last two estimates to control u on Ji. By Strichartz, H5.22|l . 

(|S2SIl, E2ZI), and 1223, we get 



<2rj + C{E)e^ + C{E, M)s^ W^f^^j,) + ^M^^^j^y 
Another continuity argument yields 

< 477, 

provided rj and e — e{E, M) are chosen sufficiently small. Thus (|5.28|l holds with 
Jo replaced by Ji. Applying again Lemma l3.8l on / Ji, we obtain 

ll"-«^ll5i(JixR") < C{E)et 

and hence also 

Choosing e sufficiently small depending on E and M, for any Q < k < K' — \ we 
obtain, by induction, 

lkllyi(j,) < 

and 

ll"llsi(,7.xM") < C{E). 

Adding all these estimates together, we get 

K'-l 

MsHiaM)^ E Ms.^j,^<K'C{E)<C{E). 

k=Q 

Thus, as the interval /j„ = [a, b] was arbitrarily chosen, we get 

,7-1 

iFi(M) ^ 



j=0 

j-i 

(5.30) ll"ll5i(MxR") S E ll^llsi(/.xM") < JC{E) < C{E,M). 

3=0 

Moreover, by Strichartz and Lemma 12.71 we have 

n + l 4 

ll"llso(RxR") ^ Wuahl + C{E, M)\\uf^f^+'^ l|w|ls«(RxR") + ll"ll|-7(R)ll"llso(RxR 
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So, subdividing M into subintcrvals where both the Z-norm and the y^-norm are 
sufficiently small depending on E and AI, we obtain S^-bounds on u on each of 
these subintcrvals that depend only on E and M. Adding these bounds, we get 

(5.31) h||50(a,R„) <C(£;,Af). 

Putting together H5.30|l and (|5.31(l . we obtain 

hllsi(RxE") <C(£;,Af). 

5.5. Global bounds for pi = ^, P2 = Sind Ai, A2 > 0. In this subsection we 
prove spacetime bounds that imply scattering for solutions to Hl.l|l in the case when 
both nonlinearities are defocusing and pi = ^,P2 = 7532 • Without loss of generality, 
we may assume Ai = A2 = 1. In this case we cannot apply Lemma 12.71 this 
already suggests that we cannot treat the L^-critical nonlinearity as a perturbation 
to the energy-critical NLS, nor can we treat the energy-critical nonlinearity as a 
perturbation to the L^-critical NLS. However, we can successfully compare the low 
frequencies of the solution to the L^-critical problem and the high frequencies to 
the _ff^-critical problem. The result is hence conditional upon a satisfactory theory 
for the L^-critical NLS; specifically, we obtain a good spacetime bound on u under 
the Assumption II. 21 

We will need a few small parameters for our argument. More precisely, we will 
need 

< 773 < ?72 < ?7i < 1, 
where each rij is allowed to depend on the energy and the mass of the initial data, 
as well as on any of the larger 77's. We will choose 77^ small enough such that, in 
particular, it will be smaller than any constant depending on the larger 77's. 

By Theorem 11.11 it follows that under our hypotheses, Hl.l|l admits a unique 
global solution u. Moreover, by Proposition 15.11 and conservation of energy and 
mass, we have 

l|u||z(R) <C(i?,Af). 

We split K into K = K{E,M,r]^) subintcrvals Jk such that on each slab Jk x M" 
we have 

(5-32) ll"llz(.7fc) ~ m- 

We will show that on every slab Jk x M" the solution u obeys good Strichartz 
bounds. Fix, therefore, Jk^ = [a, 6]. Foreveryt G Jfcg, we split u(t) = uio{t)+Uhi{t), 
where uio(t) := P^^-iu(i) and Uhi{t) := Py^-iu{t). 

On the slab Jko x M", we compare uio{t) to the following i^-critical problem. 



(5.33) 



j ivt + Av — jul >i 7; 
\v(a) = 7i/o(a), 

which is globally wellposed in H], and moreover, by Assumption II . 2| 

IIHk(K) <^(ll"^o(a)|U2)<C(Af). 
By Lemma I3. 101 this implies 

(5.34) IklUofExE") < C{M) 

(5.35) \\v\\^.,^^^^^.<C(E,M). 
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We divide Jk„ — [a, 6] into J = J(M, 771) subintervals Ij — [tj-i,tj] with to = a 
and tj — b, such that 

(5.36) \\v\\y^j.^ ~ m- 

By induction, we wiU estabhsh that for each j ^ 1, ■ ■ ■ , J, we have 

f ll"/o --"llsoaiu-u/,) ^ vl^"^^ 

(5.37) P(j) : <^ Msi^i,-, < HE), for every 1 < / < j 

ll|w||si(/iu---u/,) < (^(771,772), 

where i5 > is a smah constant to be specified later, and L{E) is a certain large 
quantity to be chosen later that depends only on E (but not on the rjj). As the 
method of checking that (|5.37(l holds for j = 1 is similar to that of the induction 
step, i.e., showing that P{j) implies P{j + 1), we will only prove the latter. 

Assume therefore that H5.37|l is true for some 1 < j < J. Then, we will show 
that 

fll"/o-i'|lso(j^u-u/,+i) <vl~'^^ 

(5.38) l\\uM\\siii,^<HE), forevery l<;<j + l 

ll|u||si(/iU-u/,+i) < ^(771, 772). 

In order to prove (|5.38|l . we use a bootstrap argument. Let fli be the set of all 
times T € Ij+i such that 

(5.39) \\uio - w|lso(/iu-u/,u[t,,T]) < ^2^^^ 

(5.40) W^\\s^^yt,,T]) < HE) 

(5.41) ||u||5i(/iU-u/,u[t,,T]) < ^(771,772). 

We need to show that fii = Ij+i- First, we notice that fii is a nonempty* (as 
tj G ill by the inductive hypothesis) closed (by Fatou) set. In order to conclude 
0,1 — Ij+i, we just need to show that fii is an open set as well. Let therefore n,2 
be the set of all times T E Ij+i such that 

(5.42) hio-v\\soii,u-uiMt.,T])<'2vl-'' 

(5.43) Msiat,,T]) < 2i(^) 

(5.44) ll'«llsi(/iU--u/,u[t,,T]) < 2(7(771,772). 
We will prove that Q2 C fli, which will conclude the argument. 
Lemma 5.7. Let T E ^2- Then, the low frequencies of the solution satisfy 

(5.45) I|m;o||v(/) < m, where I E {k, l<l< ]} U {[tj,T]}, 

(5.46) ll^i/o|lso([t„,T]x«") < C{M), 

(5.47) \\uio\\w{[t,,T]) < m, 

(5.48) \Wio\\s^(i-^Rr.)<E, wherel E{Ii, \<l<]}lJ{[t,,T]}, 

(5.49) ll"/o|lsi([to,T]xK") < C{m)E, 



"^When proving P(l), this follows immediately provided L(E) is sufficiently large depending 
on the energy of the initial data and C{ri\,ri2) is sufficiently large depending on the energy and 
the mass of the initial data. 
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while the high frequencies satisfy 

(5.50) \\uM\\so(^i^M^)<mLiE), wherele{li, l<l<j}U{[t,,T]}, 

(5.51) l|w/iills«([to,T]xR") <mC{m)L{E), 

(5.52) \\uM\\s^iito.Tm<C{7n)L{E). 

Proof. Using the triangle inequality, Bernstein, (|5.34() . H5.36|l . (|5.37(l as well as 
and l(5^ . we easily check (|05|l . ifO?^ . and (|5?5njl : 

||w/o||y(/) < ||f - uio\\v(i) + 

< ||l'-Uio||50(/xRn) + \MV(I) 

ll"'o|lsO([to,T]xR") ^ 11^ ^ '"'o|l50([t(,^T]xR") + Ikll SOClto^T] xR") 

<77^2^ + c(M)<C(M), 

ll"'i»lls"(/xR") ^^2||uw|lsi(/xR") ^mLiE), 

where / G {/;, 1 < ? < j} U {[ij, T]}. Moreover, as J = 0{rj^^), we get (|^?5^ : 

l"'»*llsi([to,T]xM") ^ ll"'J»llsi(/iXR") + ll"'"llsi([tj,T]xR") 

< C(r;i)i(£;), 

(=1 

which, by Bernstein, implies (|5.51|1 : 

ll"'»*llso([to.T]xR") ^V2\\uM\\si([t„^T]xR'^) < mC{m)L{E). 

Hence, we are left to prove (15.47(1 through 15.49|l . Of course, ((5.49(1 follows from 
(|^^ and the fact that J = 0{i^^^). Let therefore /€{//, 1 < ^ < j} U {[tj,T]}. 
On the slab / x R", uio satisfies the equation 

uUt) = e'^'-'^'^^uUti) - i f e'^'-''>^Pioi\u\^u+\u\^u){s)ds, 

Jti 

where < Z < j. By Strichartz, this implies 
(5.53) 

ll^'o|lsi(/xR") ^ \Wlo + l|-Pio(|wh-"w)lljvi(/xR-)- 

By Bernstein, ((5.32() . ((5.44() . and Lemma [2. 81 choosing 6 > Q sufficiently small, we 
get 

||P;o(|m|^u)||jV1(/xR") ^ % ^lll"l^"llAro(7xR") 
^ '72"i^llz(/)lkll5it/xR-) 

provided rjs is chosen sufficiently small depending on r/i and 772. 
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On the other hand, writing u = uio + um and using H5.37|l . H5.43|l . H5.45|l . and 
H5.5()|l . we bound the L^-critical term as fohows: 

||P;o(|u|"u)||jvi(/xR") 

< ll|Vu,o||u/o|" ||^,0(/xR") + ll|Vu/o||uh^|" ||jvo(7xR") 

4 4 

+ II|Vu/ij||m;o|" |lAro(jxR") + IUo(/xR") 
^ ||M;o|l5i(/xR")ll^iio||y(/) + ll'"/o|l5i(/xR")ll"'i«ll^0(7xR") 

4_ 4_ 

+ ll"'"llsi(-fxR")ll"'olly(/) + ll"'i«ll5i(/xR")ll"'i«ll^0(7xR") 



Therefore, putting everything together, H5.53|l becomes 

ll^'olUnjxR") ^^+ll";o|lsi(zxR")(^i + 2^^)ry2)" + %"L(£;) + r,|L(i;)i+^, 

Taking 771 and 772 sufhciently smaU depending on this imphes 

||u/o|lsi(/xR") ^ 



which settles 

We turn next to H5.47|l and write uio := P<r]2''^io + -f,,2< <i)"^"'°' ^^^^ '^''^^ 
verify H5.47|l for the medium frequencies of m. As the geometry of the Strichartz 
trapezoid in dimension n > 5 is quite different from the geometry of the Strichartz 
trapezoid in dimensions n — A and n — 3, we wih treat these cases separately. 

In dimension n > 5, the space lies between the two S'^-spaces, L^'^^Lx """" 

and LfLx^^ . By interpolation and Sobolev embedding, we get 



l-^'72<-<%l"'ollvi^([t.,T]) 

°')2<-<»)2"" "'"ll ^"'" + ^' ll"l72<-<»72 

< ll|V|^^„2<-<r,-^"'°lll(fe.T])ll"/o|I^T('[,^,r]xR")' 

where c = („l^i"(^^j.2) • Bernstein and (|5.3'2(l . 

3 3_ 3_ 1 

implies 
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2(^ + 2) 



In dimension n — 4, the space ^ ^ = Lf ^ lies between the two spaces 



2>«(" + l) ^ 

L'l+'-Lf—'' = L^Li and LfLr^ = L^L^. By interpolation, Sobolev embed- 
ding, Bernstein, the conservation of energy, and (|5.32l) . we obtain 



< {V2h\P,,<.<rj-^Ulo\\zilt„T])y 



< 



In dimension n — 3, the space L^.^ ^ = Li[. lies between the two spaces 

2i(" + l) 2ti 

Ll'+^Lf—" = and LfLr^ = 1^1%. However, because Sobolev em- 

bedding fails at the endpoint, we are forced to take e more derivatives in order to 
bound the Lfi^-norm in terms of the if ^.-norm. More precisely, by interpolation, 
embedding, Bernstein, conservation of energy, and (|5.32l) . we get 

\\P'n2<-<-ni^^i°\\w([t,,T]) 

2 3 

<{^f'\\P.n<-<,-,'^io\\zi[t,,T])YEi 

— - 2 3 

^ {'n2 ''v3)''E'i 
< m- 

Hence, in all dimensions n > 3, we have 
(5-54) ll%<.<^,-i|lw([t,,T]) <m- 

We turn now to estimating the very low frequencies of u. By Sobolev embedding, 
Bernstein, interpolation, 15.46|) . and the conservation of mass, we get 

\\P<m'^lo\\w{[t,,T\) < ||VP<^2U/o|| 2(„ + 2) 2„(„ + 2) 

^ ([t3,T]xK") 

<m\\uio\\ 2(,> + 2) 2„(„ + 2) 



it "-^ "^-^ ([tj,T]xR") 

Ti-2 2. 

^ ?72||u;o|lv'([(^.,T])ll"'°llL~L2([tj,T]xR") 

(5.55) < '72?7r^M" < ?72, 



provided rji is chosen sufficiently small depending on M . 

Therefore, by the triangle inequality, H5.54|l and (|5.55|) imply (|5.47|) . □ 

We are now ready to resume our argument and prove that C Let therefore 
T S ri2- We will first show H5.39|l . The idea is to compare uio to v via the 
perturbation result Lemma [3.61 
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The low frequency-part of the solution, uio, solves the following initial value 
problem on the slab [to, T] x R" 

\ (idt + A)uio = \uio\iuio + Pio{\u\iu - \uio\iuio) - Phii\uio\iuio) + Pioi\u\^u) 
\uio{to) = uio{a). 

As by 

ll"'o|ls"([to,T]xR") < 

and v{to) = uioito), in order to apply Lemma 13.61 we need only verify that the error 
term 

4 4 4 4 

ei = P/o(|u| - \uio\'^Ulo) - Phi{\uio\'^Ulo) + Pio{\u\~u) 

is small in iV"([io,T] x E"). 

By Holder, H5.46|l and (|5.51|) . we estimate 

4 4 

\\Plo{\u\-^U - |Mio|"U/o)|lA,0([4„^T]xR'.) 

;$ lll^hir'*'" llAro([t(,_T]xR") + II I^M | |u/o | " II ArO([t^^T] xR") 

1 + - - 
^ "^'"llsodto.TJxR") + ll'"''^lls'0([io,T]xR")ll"'oll^O([t„,T]xR") 

< (772C(?7i)L(i;))i+^ +r/2C(??i)L(i;)C(M) 

provided 772 is sufficiently small depending on M, and r/i; here, (5 > is a small 
parameter. 

Moreover, by Bernstein, H5.46|l . and H5.49|l . we get 

4 4 

||^'/«(|wio|"M;o)||jvO([tj,,r]xR") - '72||VPw(|u/o|"U;o)||xrO([t„,T]xR") 

< '72||w;o|lsi([to,T]xR")ll"'oll|o([t^^T]xR") 

< mC{m)EC{M) < ril-'. 

By Lemma 1231 (with 9 sufficiently small), ()5.32(l . and (|5.44(l . we get 

||P;o(|w|^w)IUo([t^^T]xK") ^ ll"lll[to,T]ll'«li|i^to!'T]xR") ^ ^73 ('^('yi > »72)) ^"'^ 

provided 773 is chosen sufficiently small depending on 771 and 772. 
Therefore, 

ll'^l|ljVO([to,T]xR") - '^'72 "^J 

and hence, taking 772 sufficiently small depending on Af, we can apply Lemma 13.61 
to obtain 

ll"io - w|lso([t„,T]xR'.) < C{M)ril-^ < ri^-'^^. 

Thus, H5.39|l holds. We turn now to (|5.4U|) : the idea is to compare the high 
frequency-part of the solution u to the energy-critical NLS. Consider therefore the 
initial value problem 



(5.56) 



iwt 4- Aw — \w\ "-2 w 
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Then, by ESI OD] , is globally wellposed and furthermore, 

(5.57) ll«^llsMKxE") < CiE). 

By Lemma [3. Ill H5.50|) . and Strichartz, this also implies 

(5.58) lklUo(ExE'^) < C{E)\Mtj)\\i^. < r^2C{E)L{E). 
On the other hand, the high frequency-portions of u satisfy 

/ 4 4 4 4 

{idt + A)uki = \uhi\~Uhi + Phi{\u\~u - \uhi\~Uhi) - Pioi\u\~u) 
+Pm{\u\^u) 

By the bootstrap assumption H5.4!-{|l . we have 

\Whi\\si([tj,T]xm^) ^ 2L(£;). 
Therefore, in order to apply Lemma 13.81 we need only to check that the error term 

62 = Phi{\u\^U- \Uhi\^Uh,) - Ploi\u\^ U) + Ph^{\u\^ U) 

is small in N^{[tj,T] x R"). 

By the triangle inequality, we easily see that 

\\Ph,i\u\^U - |uM|^U/ii)llAri([t,,T]xR") 

(5.59) < \\\u\^^Uio\\^o^[t,,T]xR'^) + - l"'»''l'^)^"'»»ll7V0([t,,T]xK")- 

To estimate the first term on the right-hand side of H5.59|l . we use Remark |2. 91 
(for a small constant 6* > 0), Bernstein, H5.32|l . (|5.44(l . H5.46|l . and H5.48|l to get 

4 4 

l|l"l~^"'o|lAro(fe,T]xR") - h\\zi[t,^T])\MSHlt,,T]xR^)\\^'^lo\\sHlt,,T]xR'^ 

^ vtC{VUV2)V2^\Wlo\\sH[t,,T]xR'-) 
< V2, 

provided 773 is chosen sufficiently small depending on 771 and 772. 

Next, we estimate the second term on the right-hand side of (|5.59|l . When the 
dimension 3 < n < 6, we use Holder, (ICT^ . ifCTTji . and lfCTS|l to obtain 

\\{\U\^ - \uh^\^^)yUh^\\^o^^t,,T]xR-) 

< |||w|~MioVu,i,||^o([t^^T]xR") 

< (ll"'»''ll|r([t,,T]xR-) + ll^'°lllr([t,,T]xR"))ll^'°llw'fe.^lll"''»llsi([t„T]xR") 

< {L{E) + E)^r]2L{E) 

For 7i > 6, we use H5.43II and (|5.47|l to estimate 

4 

^ ll'^/ii|l5i([ij,T]x]R-)ll'^^o||^Qi^.^7^]) 
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Collecting these estimates, we get 

4 4 3 — 2— 

(5.60) ||Pm(|u|"-^U- k/i* I II ATI ([t^.,T]xR") <V2 + Vi +V2 

To estimate the second term in the expression of the error 62 , we use Bernstein, 
Lemma ITHl ffor some smah constant > 0), (|5.32l) . and (|5.44l) : 

il^io(l"l'^")llAi(fe,T]xR") ^ % il^l'^'^llAroCfe.TlxR") 

^ V2 ll'"llz([tj,T])ll"llsi"dtj,T]xR") 

(5.61) <772. 

We turn now to the last term in the expression of the error 62- Dropping the 
projection P^i, we estimate 

4 

II VP/ii(|u| " w)||jvO([tj,T]xR") 

I I 4 I I II 4 I I 

^ II Vu;ii|u;o| " ||7V0([t^.^T]xR") + \\'^'^hi\uhi\ " || jvO([t^. ^t] xR") 
+ ||VMio|uhj|" ||ArO([t^_T]xR") + ||VuZo|m;o|" || Aro([j^. ^^j xR") ■ 

Using (|5.43l) , (|5.45l) , H5.48I) , and (|5.50() , we estimate the four terms on the right-hand 
side of the above inequality as follows: 

II ^11 ^ 

\\'^UM\uio\^\\^g,. j,,xR„1 ^ ||VUhj|Uio|" II 2(„ + 2) 

([tj:T]xR") 
± 

< l|Vuw||v([t^.^T])||"/o||y([t^.,T]) 

4_ 

< ll"/ii|lsi([tj,T]xR")'?l" 

<L{E)4 <rjf, 

Uo([t,-,T]xR") ^ ll^''^lls'i([ti,T]xR")ll"'i»ll|o([t^.^T]xR") 
- 1+- 
^ ll'"'i'llsi('[t^,T]xR") 



llAro([tj.T]xR") ^ ll'"'°llsi([tj,T]xR")ll"'i»ll^'o([j^^r]xR") 
<i?[772L(i?)]^ <??f , 

II ^11 - 

||Vu/o|w!o| " ||ArO([t^. 7-jxR") ~ ll^'o II V[tj ,T] II II ([tj ,T] xR") 

Adding these estimates, we obtain 

A 3. 

(5.62) l|VPhi(|u|"u)||^i([j^._T]xR") ^Vi- 

Collecting (|5.6()|l through H5.62(l . we get 

3. 

l|62||Ari([t^.,TlxR") ^ 
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which, by Lemma 13.81 impUcs 

- w|lsi([i^,T]xR'.) ^^fl 

for a small constant c > depending on the dimension n. By the triangle inequality 
and H5.57|l . this implies 

provided L{E) is sufficiently large. 

Finally, (|OT|l follows from fOHji . ifO?^ . ((SiSll), and 

ll"llsi([to,T]xM") < l|uZo||si([to,T]xR") + II 5i([to,T] xK") 

< C(M) + C(?7i)S + mC{m)E + C(77i)L(£;), 

which is of course bounded by (7(771,772) provided 771 and 772 are sufficiently large 
depending on E and A'l . 

This proves that ^2 C rii. Hence, by induction, 

hllsi(J,oXR") < C'('7l,??2)- 

As Jka was chosen arbitrarily and the total number of intervals Jkis K = K{E, M, 773) 
adding these bounds we obtain 

IkllsMRxR") <C(77i,7;2, 773) -C(i;,M). 

5.6. Global bounds for ^ < pi < P2 = ;j32: '^2 > 0, Ai < 0, and small mass. 

The approach to proving finite global Strichartz bounds for solutions u to in 
this case is similar to the one used in subsection 5.4. However, as in this case we 
do not have a good a priori interaction Morawetz inequality, we will rely instead 
on the small mass assumption. As in subsection 5.4, in this case we also compare 
l(rT|) to the energy-critical problem 

{iwt + Aw = \w\ "-2 w 
w(0) = 1*0, 

which by [HJ IJSJ ISU] is globally wellposed and moreover, 

(5.63) |klUi(KXR„) < C(i?). 
By Lemma [3. Ill (|5.63f) implies 

(5.64) IkbocKxK") < C{E)\\uohi < C{E)Mi. 

In this subsection we will carry out our analysis in the following spaces: 

2(n + 2) 2(ti + 2) 

yO(/) vii) n it (/ X M") 

and 

yi(/) := {u; Vm G F"}, Y^I) := Y°{I) n Y^I). 
In this notation, Lemma l2 . 61 reads 

7k n„,\Pi„,\\i <r iLji-^ 2 iL.in ^1 



(5.65) ||v^-(i"r")iUo(,xM'^) ^ ii^ii;^;;^ii"ii^,7ii"iir'=(/) 

wo(/xK-) ^ 11^11^^1(7) ll"llyfc(/); 



(5.66) \\^'{H~^)\\no(i^m^) ^ WuU.-I.Alu 



here fc = 0, 1. 
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By time reversal symmetry, it suffices to show that u obeys good spacetime 
bounds on M+ x M". Let 77 > be a small constant to be chosen later and divide 
IR+ into J = J{E,ri) subintervals Ij ~ [tj,tj^i] such that 

l|w||yi(/^.) -V- 

Moreover, choosing M sufficiently small depending on E and 77, by H5.64|l we may 
assume 

ll«^llso(KxE") < V- 

Therefore, 

(5.67) My^h,) - V- 

As an immediate consequence of (|5.67|) . we show that the linear flow of w is 
small on each slab Ij x R". Indeed, by Strichartz and 15.6711 . 

(5.68) ||e^(*-*^)^u;(i,)||yi(,^.) < \\w\\y.^j^) + C\\w0^^^^ < + Crf^- < 2rj, 

provided rj is sufficiently small. 

We first consider the interval /q = [io,ii]. Recalling that w(to) = u{ta) = uq, 
Strichartz, f^^H^ . (|E3ZI), and imply 

By a standard continuity argument, this yields 

(5.69) ll"l|yM/o) < 4?7, 

provided rj is chosen sufficiently small. 

Another application of Strichartz together with H5.65|l . (|5.66fl . and H5.69|l . yields 



3 



Pl("-2) 



Therefore, choosing 77 sufficiently small and remembering that M is chosen tiny and 

(5.70) ll"lli-o(z„) < Mi 

In order to apply Lemma 13.81 we need to show that the error, which in this case 
is the energy-subcritical perturbation, is small. By H5.65II . (|5.69(l . and (|5.70() . we 
find 

lll^r^llATH/oxM") ^ Il"lly';(tr'll"ll3;z;; ^ Afi-"^ 77^-1 < M^o, 

for a small constant 5q > 0. Taking M sufficiently small depending on E and r], by 
Lemma 13.81 we derive 

for a small constant c > that depends only on the dimension n. By Strichartz, 
this implies 

||e^(*~-*^)^(«(ti)-u;(ii))IU,(,^,«„)<Ar^<'. 
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< + M-'- + ,7 + \\ur^+\ , + \\u\\ "-^ 



We turn now to the second interval Ii — [ti,t2]- By Strichartz, the triangle 
inequality, H5.65|l . (|5.66|l . and (|5.68|l . we get 

1+1 

^ ii"'iiyi(/i)- 

Therefore, choosing rj sufficiently small, by a standard continuity argument we 
obtain 

\\u\\Y^h) < 4?7. 
Moreover, arguing as above, we also get 

\W\\yo(i,)<m"-, 

which allows us to control the energy-subcritical term on the slab Ii x K" in terms 
of M. For M sufficiently small, we can apply Lemma [3. 81 to obtain 

ll"-™ll5M/oxE")<^^'S 

for a small constant < (5i < 6q. 

By induction, choosing M smaller at every step (depending only on E and 77), 
we obtain 

\\u\\y^i,) < 4?7- 

Summing these estimates over all intervals Ij and recalling that the total number 
of these intervals is J = J{E, rj), we get 

\Hy^{b+) <Jv< C{E). 
By Strichartz, H5.65|) . and H5.66|l . this implies 

||u||si(K+xM") < \Wo\\hI + + 

<M + E + C{E) < C{E, M) ^ C{E). 
By time reversal symmetry, we obtain 

||w||si(RxR") < C{E). 

5.7. Global bounds for ^ < pi < P2 < ^2 > 0, Ai < 0, and small mass. 

In this case, we compare to the free Schrodinger equation, 

iut + Am = 0, 'it(O) — uq. 
By Strichartz, the global solution u obeys the spacetime estimates 

ll"llsM/xR") ^ \Wo\\hi 

For a slab / x M", let Y^{T), Y'^{T), and Y^{T) be the same spaces as in the last 
subsection. More precisely, 

2{n + 2) 2(ri + 2) 

rO(/) := v{i) n (/ x m") 

and 

Y\l) {u- Vu e Y\l) y°(/) n Y\l). 
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We divide into J = J{E,r]) subintervals Ij such that on each Ij = [tj,tj+i], 

where 77 > is a small parameter. Choosing M small enough depending on 77, we 
may assume that on each slab Ij x M", we have 

\\u\\y^i,) V- 

We will prove that u obeys good spacetime bounds on each slab Ij x M" . Consider 
the first interval, /q = [to, ti]. As u(io) = ^^(^0) = tiOj by Strichartz and Lemma l2.6l 

\\u\\yhi„) < \\u\\YHio) + CiXuX2) J2 hllf-M/o) + E ll^lly^U)- 

1=1,2 i=l,2 

A standard continuity argument yields 

||w||yi(/o) < 2?7, 

provided 77 is chosen sufficiently small. Hence, another application of Strichartz and 
Lemma 12.61 implies 

II"IIyO(,„) <MHC(Ai,A2) J2 lll"r"llA^"(/oxR") 

i=l,2 

<AfUc(A,,A.)5:i|<;^N|Tf^-5 

1=1,2 

<AfUc(Ai,A2) Yl ll^llJ^SP^"^"'- 

i=l,2 

Therefore, 

(5.71) ll«llyo(,„)<M^ 

provided M is chosen sufficiently small. 

By Strichartz and H5.71|l . we can now compute the difference between u and u 
on the slab /q x R": 

i=l,2 



i=l,2 



< M\ 

where (5 > is a small constant, provided rj is chosen sufficiently small. By 
Strichartz, this implies 

(5.72) ||e'(*-*^)^(u(ti) - 7i(ti))IU.(/,xK-.) < M'. 

We turn now to the second interval, Ii — [ti,t2]. By Strichartz, the triangle 
inequality. Lemma [2. 61 and H5.72|l . we get 

IkllrM/i) < lk^'*~*^'^"(ii)llyo(,,) + ||e'(*-*^)^7i(ti)||^.(,^) 

+ ||e^(*"*^)^Kti)-7i(ii))||^.(,^) + C(Ai,A2) ll^llvM/.) 



<M5 +r7 + M'5 + C(Ai,A2) Y H" 



P.+i 

i=l,2 
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Another continuity argument yields 

(5.73) IkllrM/i) < 2^7, 

provided 77 and M are chosen sufficiently small. By the same arguments as those 
used to establish H5.71|l . this implies 

(5.74) \\u\\y.^I^)<^'n. 

Therefore, we can now control the difference between u and m on /i x R". Indeed, 
by Strichartz, Lemma IT^ if^T^ . (|F7^ . and (|F7H) . 

h - "lUi(/,xE") < - ^(il))ll5.(z,xE..) 

1=1,2 

< Af'' + C(Ai,A2) ^ Afi-^^^T^,y^-i 

i=l,2 

provided (5 > is chosen sufficiently small. By Strichartz, this immediately implies 

||e^(*-*^)^Kt2)-^(t2))||^.(,,) <M^ 

and hence one can repeat the argument on the next slab, that is, I2 x K". By 
induction, on every slab Ij x K", we get 

\\u\\yi(i^) < 2r/. 

Adding these estimates over all intervals Ij and recalling that the total number of 
these intervals is J = J{E, rj), we get 

\\u\\Yi(R^)<CiE). 

Strichartz estimates and time reversal symmetry (see the end of subsection 5.6) 
yield the global spacetime bound 

l"llsi(RxR") < 

5.8. Finite global Strichartz norms imply scattering. In this subsection we 
show that finite global Strichartz norms imply scattering. As the techniques are 
classical, we will only present the construction of the scattering states u± and show 
that their linear flow approximates well the solution as t — > ±00 in H]^. Standard 
arguments can also be employed to construct the wave operators; for details see, 
for example, 

For simplicity, we will only construct the scattering state in the positive time 
direction. Similar arguments can be used to construct the scattering state in the 
negative time direction. 

For < t < cxo, we define 

u+{t)^uo-i I e-''^{\i\u\P'u + \2\u\P^u){s)ds. 
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As u G 5"'^(M X M"), Strichartz estimates and Lemma [2.61 imply that u+{t) e i?^ 
for all t G K+. We will show that converges in as f — * oo. Indeed, for 

< r < t, we have 



\\u+{t) - u+{t)\\hi 



'{Xi\u\P'u + X2\u\P^u){s)ds 



HI 



< 



which by Strichartz and H2.9|) implies 

\\u+it)-U+iT)\\H^^<CiX,,X2) ll^i||y7[^hll^[;')ll(l + |V|)^.||ya.,t]). 

i=l,2 

As 

(5.75) ||w||si(RxR") < oo, 

we see that for e > there exists > such that 

\\u+(t) -u+(r)||Hi < e 

for any t, r > Tg. Thus, converges in H]^ as t — > cxd to some function u+. 

Moreover, Strichartz and H2.9|l imply that 



:= uq — I 



-isA 



{Xi\u\P'u + X2\u\P^u){s)ds. 



Next, we show that the linear evolution e'''^u+ approximates u{t) in H]^ as 
t oo. Indeed, by Strichartz and Lemma 12.61 



\\e-'^'^uit)-u+\\Hi, 



HI 



< 



Ell" 



e-"'^{Xi\u\P'u + X2\u\P^u){s)ds 
e'^'-''^'^{Xi\u\P^u + X2\u\P'u)is)ds 

1 + |V|)u||y([t^oo)), 



Hi 



l\/([t.oo)) 



l"ll 



W([t,oo)) 



which obviously tends to as i — > cx) (see (|5.75|l V 



6. Finite time blowup 

To prove blowup under the assumptions on the nonlinearities described in The- 
orem we will follow the convexity method of Glassey, 0. More precisely, we 
will consider the variance 

Vit) = I \x\^\u{t,x)\'^dx 

and show that as a function of i > 0, it is decreasing and concave, which suggests 
the existence of a blowup time T* at which V{T^,) — 0. 

For strong iJ^-solutions u to Hl.l|l with initial data uq G S, it is known that 
V G C^{—Tmin,Tmax)\ See, for example, P'. Formal computations (which are 
made rigorous in 0) prove 
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Lemma 6.1. For all t G {~Tmin,Tmax), we have 

(6.1) r{t) = -4y{t), 
where 

y{t) — — Im / ruur{t)dx. 

Moreover, 

(6.2) V"it) = -4y'it) = 8\\S7uit)\\l + ^\\um;ill + ^\\u{t)\\;iXl 

In what follows, we will show that the first and second derivatives of the variance 
are negative for positive times t. More precisely, in each of the three cases described 
in Theorem 1 1.51 we will show that 

(6.3) y'{t)>c\\\/u{t)\\l>0 

for a small positive constant c. Thus, by 1)6. 2|l it follows that V"{t) < for all times 
t G {—TmimTmax), which implies that V{t) is concave. Moreover, as by hypothesis 

y(0) = yo > 0, 

(|?0|l implies that y{t) > y{0) > 0, for all times t > 0. By (jHIIl), this yields V'{t) < 
for positive times t and hence, V{t) is decreasing for t > 0. 
Alternatively, by Holder, for all times t E {—TmimTmax), 

y{t)<\\xu{t)MVuit)h 

and hence, 

(6.4) ||v^(t)||2>/^. 
By (|6.3|l and H6.4|l . we derive a first order ODE for y, 

[y'(i)>c^ 



(6.5) 



y(0) = yo >0, 



which implies that there exists < < - — — such that 

£m \\Vu{t)h^^. 

For the remainder of the section, we will derive (|6.3II in each of the three cases 
described in Theorem ll.5l 

Case 1): Ai > , < pi < p2, and E <0. 
By 1)6. 2|1 . the conservation of energy, and our assumptions, we get 



y'it) -2\\Vu{t)\\l+p,n{l\\Vu{t)\\l + ^||^(t)||^J+2 - e} - 'j^\\u{t)\\;i 



+2 
2 



P2n- 


4 


2 




P2n- 


4 


2 




P2"- 


■4 



\xl-p2nE 



^ P2n-i IIV7„,/'+M|2 



iiv^(oii^+ "T;r^ hwii^;T2 



>^liv«(t)|| 



2 



and hence (|6.3|) holds with 



P2"— 4 
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Case 2): Ai < 0, ^ < pi < P2, and E <{). 
In this case, by H6.2|l and the conservation of energy, we obtain 

y'{t) = -2\\Vu{t)\\l+p,n[^\\Vu{t)\\l + ^\\u{t)r;+l - e] - 

n— 
T 



P2+2 

P2+2 



>£l£zi||V«(i)||2, 



Pl"-4 

2 



which imphes H6.3|l with 

Case 3): Ai < 0, < pi < ^, and E + CM < for some constant C = 
C (Ai , A2 , Pi , P2 7 ^) to be specified momentarily. 

The idea is to use part of the contribution coming from the higher power nonhn- 
earity to obtain a positive multiple of the kinetic energy and the rest to annihilate 
the effect of the resulting lower power term. The details are as follows. 

As p2 > ■^i we can find a small constant e such that p2 > It is immediate 

that 6 := '^^p^n'^ < 1- Therefore, from the conservation of energy, we get 

y'{t) = -2\\Vuml - 1^11^,(011^^:^ - "'tl2''^ ll^ft)llp2:2 " it^MCtl 

> -2\\Vuml+p2n9{^\\Vu{t)\\l + ^\\uit)\\;iXl e] 

- ^^^^i^ii«wii^::2 - 

> {_2 + E2^}\\Vuml + ^^'^l^fX-'^^^ \\uitXlXl-P2n0E 

nA2P2(l-g) ||„,^^M|P2+2 
^7+2 ll"l'^JIIp2+2 

By Young's inequality, for any positive constants a and S, 

^pi+2 < ^(^)^2 ^ ^„P2+2^ 

Hence, 

n|A.|.(p2-pO |P.+2 < ^(^) »|A.|^(P2-P.) n^(,)||2 ^ ^ nm.|(p2-pO [|^(,)[|P2+2^ 

Choosing 6 > sufficiently small such that 

^ ng|Ai|(p2-pi) np2|A2|(l-g) 
Pi +2 P2 + 2 

we obtain 

y'{t) > e\\Vu{t)\\l - C{Xi, X2,PuP2,n)M ~ p2neE, 
which, as long as 

P2neE + C{Xi,\2,pi,P2,n)M < 0, 

yields 

y'{t)>e\\S7uml 

This proves (|6.3|) in this case. 

Hence, (16. 3|) holds in all three cases described in Theorem ll.51 which implies for 

the reasons given above the existence of a time < such that 

ya 

lim ||Vw(t)||2 = 00. 
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7. Scattering in E 

In this section we prove Theorem II .81 When a{n) < pi < P2 < :;j^7 the result 
is well-known (see I^Hl^DE]) and we will not revisit the proof here. Instead, we 
will present the proof of Theorem 1 1.81 in the case a{n) < pi < P2 ~ which is 
not covered by these earlier results. 

As both nonlinearities are assumed defocusing, without loss of generality we may 
assume Ai = A2 = 1. We will also write p instead of pi to ease notation. Note 
that under our assumptions, Theorem 11.11 implies the existence of a unique global 
solution u. Moreover, on every slab / x R" u obeys the following estimate: 

(7.1) h||5i(/xM") <C(ll"0||//i,|/|). 

Next, we introduce the Galilean operator associated with the linear Schrodinger 
operator idt + A, 

H{t) ■.^x + 2itV. 

Note that we can also write 

(7.2) H{t) ^ 2zie^*V(e-^*-) = e'^^xe^'*^. 

From the first identity in (|7.2() we see that H{t) behaves morally like a deriva- 
five when applied to the Hamiltonian nonlinearity F{u) — \u\Pu + |u| "-^ u, which 
commutes with phase rotations. More precisely, we have 



(7.3) H{t)F{u) = d^F(u)H{t)u - dgF{u)H{t)u. 

The first step to prove scattering in S is to use the local spacetime bound (|7.HI 
and the fact that xuq G to derive S'^ spacetime bounds on Hu on every slab 
/ X M". By time reversal symmetry, we may assume / = [0,T]. By H7.1|l . we can 
split [0,r] into J = J(||Mo||^ri , r, 77) subintervals Ij = [tj, tj+i] such that 

(7.4) 

where 77 > is a small constant to be chosen later. We will derive Strichartz bounds 
on Hu on every slab Ij x R". 

Fix therefore Ij ; on this interval u satisfies 

pt 

u{t) = e*(*^*^)^u(ij) - I / e'(*-")^(|M|Pu + \u\^u){s)ds. 



By ((Ol, this yields 

H{t)uit) = e'^'-''^'^H{t^)u{tj) ~ I I e'^'-'^^H{s){\uY'u + \u\^u){s)ds, 



By Strichartz, Lemma [2. 51 H7.3|) . and (|7.4|l . we estimate 

Il^«ll50(/,XK") ;S \\H{tMmLl + I^r~'^ll«ll^,(,^)l|i?"ll50(/,XM") 

4 

+ ll"lll7(j^)ll-ffw|lsO(7,xR") 
+ ?7^||iJu||50(/^.xK"), 



which implies 



I^^«IIS0(/,XR") ^ \\H{tMt3)\\Ll. 
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provided rj is chosen sufficiently small depending on |/| — T. By induction, for each 
j we get 

Therefore, adding these estimates over all subintervals /j, we obtain 

(7.5) ||i7u||50(,xE") <C^(lk^^o||L^|/|). 

In order to prove scattering, rather than a local spacetime bound, one needs to 
derive global spacetime bounds. To accomplish this, we will use the pseudoconfor- 
mal identity to prove that the global solution u decays as i — > cxd. More precisely, 
we will show that t ^ \\u{t)\\^n_ and 1 1-^ ||p-|_2 are decreasing. 

Introduce the pseudoconformal energy 

h{t) := \\H{t)u{t)\\l + U-'i^WumiXl + ^ll^Wllg). 
A standard computation (see e.g. (23|) shows that 

(7.6) h'{t) = t{^^\\umiXl-'^\Hm%) ■■=te{t). 

Again, we can justify this computation in the class S (treating h'[t) as a weak 
derivative of h{t)) by first mollifying wg and the nonlinearity and then taking limits 
at the end using the well-posedness theory; we omit the standard details. 

If < p < we integrate (|7.fci|) with respect to the time variable over the 

compact interval [0, t] to obtain 

(7.7) 

mthmi + ||^ii^.(t)ii^:^ + ^^ii^.(i)iig 

= \\xuq\\1 + ^^^^ f s j \u{s,x)\P+^dxds-^ f s f \u{s,x)\^dxds. 
Thus, in this case, 

(7.8) 11^(^)11^1:2 + ll"(i)ll|!<^"'. 

If < p < we integrate H7.6() over the compact interval [1, t]; we get 

h{t) = h{l) + s9{s)ds, for t > 1. 

In particular, 

ff,\Ht)\\;tl < Ml) + '-^l^s\\uisXXlds, 

which by Grownwall's inequality implies 

Combining this with H7.7|l . we obtain 

hit) <l + t^~'^ 

and hence, 

\Ht)\\^<t-'?, vt>i. 
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Thus, for < p < I; and t > 1 we get 

(7.9) \HtXXl + \Ht)\\^<t-'^. 

Collecting H7.8|l and H7.9|l . we obtain 

(7.10) \\u{t)\\lXl + \Ht)\\T.^<t-^ +t-"^ 

for all < p < ;j32 ^'^'^ t>l. 

Next, we show that the decay estimate (|7.10|l iraplies that the Strichartz norms 
of the solution are small when measured over the slab [T, cxj) x M" for a large enough 
time T. Let 5 be such that ((5, p + 2) is a Schrodinger admissible pair. An easy 
computation shows that p > a{n) ^ 2p > 6 — 2. Then, by (|7.10(1 . on the slab 
[T, oo) X M" with T > 1 we get 

(7.11) iii^r^ii , < ikiL.,^i,p+Hi"r <T-'\\u\\s^ 

(7.12) \\\u\^^u\\ <|k||^^h|l <T-n|u||si 
for some > 0. As by (|2.3|l . on [T, oo) u satisfies 

/■oo 

u{t) = e'^'-^^^u(T) - i J e''^'-'^^{\u\Pu + \u\^)u{s)ds, 
by Strichartz, ((TjH, and (jTjH), we get 

li'«llsi([T.oo)xR") < I|u(7')IIhi +r"''I|u||si([T,oo)xR"). 

Hence, taking T sufficiently large, by the conservation of energy and mass we obtain 

(7.13) lk||sH[T,oo)xE") < \HT)\\hi < C{\\uo\\hi). 
Similarly, by Strichartz, (|7^ . ((7^ . lfTTT|l . and !f7T^ . we estimate 

ll^"llso([T,co)xR") ^ \\H{T)u{T)\\l2+T-''\\Hu\\so^[t,oo)xW'^)' 

which taking T sufficiently large and using 1)7.5(1 yields 

(7.f4) l|i?«ll50([T.oo)xK") ^ \\HiTHT)\\L2 < CiWxuohl). 

Combining 1(7. f|l and ((7.13(1 . ((7.5(1 and ((7.14(1 . and using the time reversal sym- 
metry, we get 

(7.15) \\u\\sHRxR") < C{\\uo\\hi) 

(7.16) \\Hu\\^o^^,^.^<C{\\uoh). 

Next, we construct the scattering state in the positive time direction. The scat- 
tering state in the negative time direction is constructed similarly. Let 

u+it)=uo-i / e-"''^{\u\Pu+\u\-^u){s)ds. 
Jq 

We will show that M+(i) is a Cauchy sequence in E when t — > oo. Take ti < t2 < oo. 
Then, by Strichartz, ifT^ . the fact that e**^ is unitary on L^, lf7Tl)l . and ifTT^ . 
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we estimate 

\\u+{ti) - U+{t2) 



s = 



< 



/'t2 

/ ' 
Jtl 



-is A/ 



\u\Pu+ |w| "-2 w)(s)ds 



''^{\u\Pu+\u\'^u){s)ds 



HI 



\u\^-'^ u){s)ds 



rt2 
Jtl 

I ' e*(*-^)^(|M|fM + \u\-^u){s)ds 
Jtl 

Jtl 

^ *r''(llw|lsi([ti,t2]xR") + \\Hu\\so^^ti,t2]xM")) 



Ll 



<irc(|KllE). 

Therefore, is a Cauchy sequence in S as i ^ cxd and hence, it converges to 

some function u+ e S. Similar estimates show that 



U+ = Uo 



-isA 



{\u\Pu + \u\"--^u){s)ds. 



Finally, we show that u+ is the asymptotic state of e as f — »■ oo. Indeed, 

similar computations as above yield 



-if A„ 



{t)-u+\\ 



< 



i: 



'{\u\Pu+\u\ — u){s)ds 



<t-''C{\\uoh) 
which tends to as t — > oo, as desired. 
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